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Motivation

Warning

Time-dependent theory is a new subject for us

The developments are still in a very basic stage

A short talk!

Any input is welcome!
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Motivation

Time-dependent formalism for nuclear reactions

Any nuclear reaction is a time-dependent process!

It is important to develop time-dependent formalisms to study:

Multifragmentation, fission, fusion reactions...

Study of collective dynamics

Time evolution of many-body systems

Ingredients of the formalism:

Fully quantal (unlike Boltzmann)

Correlations in initial state and in dynamics (unlike TDHF)

Microscopic conservation laws should be preserved
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Many-body Green’s functions

Green’s functions
N−body Green’s functions:

G(1, . . . , N; 1′, . . . , N′) =
D
T

n
a(1) · · · a(N)a†(N′) · · · a†(1′)

o E
〈·〉 → average over initial states

T → some sort of time ordering (real, imaginary, on the contour...)

1 → r1, t1, σ1, τ1

Useful tool in the static case
Good candidates to study time-dependent systems

Some advantages:
Give access to all N-body properties
Give the total energy and bulk properties of the system
No need to keep track of A single-particle wave functions
Versatile formalism which can be extended to discuss any
many-body system
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Many-body Green’s functions

One-body propagators

Two-time correlation functions:

iG<(x1, t1; x1′ , t1′) = −
˙
a†H(1′)aH(1)

¸
= −ρ̂(x1, t1; x1′ , t1′)

iG>(x1, t1; x1′ , t1′) =
˙
aH(1)a†H(1′)

¸
Density / Momentum distribution:

n(x1, t1) = −iG<(x1, t1; x1, t1) n(k1, t1) = −iG<(k1, t1; k1, t1)

Energy:

E(t1) =
−i
4

lim
x1′→x1
t1′→t1

Z
dx1

»„
i

∂

∂t1
− i

∂

∂t1′

«
− 1

2m
(∇1 +∇1′)

–
G<(x1, t1; x1′ , t1′)

Advanced/Retarded propagators & response functions:

G
A
R (1, 1′) = Gδ(1, 1′)δ(t1 − t1′)±Θ[±(t1 − t1′)]

˘
G>(1, 1′)− G<(1, 1′)

¯
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Many-body Green’s functions

Kadanoff-Baym equations

Assumption: initial average over mean-field states

Time evolution equations for the correlation functions:


i

∂

∂t1
+
∇2

1

2m

ff
G≶(11′) =

Z
dr̄1ΣHF(11̄)G≶(1̄1′)

+

Z t1

t0

d1̄ ΣR(11̄)G≶(1̄1′) +

Z t1′

t0

d1̄ Σ≶(11̄)GA(1̄1′)| {z }
I≶1 (1,1′;t0)

−i
∂

∂t1′
+
∇2

1′

2m

ff
G≶(11′) =

Z
dr̄1G≶(11̄)ΣHF(1̄1′)

+

Z t1

t0

d1̄GR(11̄)Σ≶(1̄1′) +

Z t1′

t0

d1̄G≶(11̄)ΣA(11̄)| {z }
I≶2 (1,1′;t0)

Kadanoff & Baym, Quantum Statistical Mechanics (1962).
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Many-body Green’s functions

Self-energy & collision integrals

Collision integrals include time integrals→
∫ t1

t0
d̄t

KB equations account for memory effects!

Σ accounts for interaction effects
Defines the accuracy of the many-body approximation
Inclusion of beyond mean-field correlations consistently

= + + + + ...

Microscopic consistency

KB equations fulfill microscopic (E, ~P, ~L, ...) conservation laws when
the self-energy Σ is given by a conserving approximation.

Baym, PR 127, 1391 (1962).
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Mean-field approximation

Mean-field approximation

First calculation: mean-field time evolution of 1D slabs

Evolution given in terms of density matrix G≶(x1, t1; x1′ , t1′)

Doubling # of variables...

but no need to treat A wfs ϕα(x, t)!

Simplified Skyrme mean field:

ΣHF(1, 1′) = δ(t1 − t1′)δ(x1 − x1′)U(x1, t1)

U(x, t) =
3
4

t0 n(x, t) +
2 + σ

16
t3 [n(x, t)](σ+1)
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Mean-field approximation

Mean-field time evolution

KB equations reduce to:

i
∂

∂t1
G≶(x1, t1; x1′ , t1′) =


∇2

1

2m
+ U(x1, t1)

ff
G≶(x1, t1; x1′ , t1′)

Implemented with the help of Split Operator Method:

ei(T̂+Û)ε ∼ ei Û
2 εeiT̂εei Û

2 ε + O[ε3]

G<(x, x′; t)
r-space

evolution
// e−i U(x,t)∆t

2~ G<(x, x′)ei U(x′,t)∆t
2~

FFT // fG<(k, k′)

k-space evolution

��
G<(x, x′; t + ∆t)

OO

e−i U(x,t)∆t
2~

ffG<(x, x′)ei U(x′,t)∆t
2~

oo e−i ∆t
~

k2
2m fG<(k, k′)ei ∆t

~
k′2
2m

FFT
r-space

evolution

oo
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Mean-field approximation

Initial state

Initial state should be a ground state of the system
Start from harmonic oscillator density matrix
Use adiabatic theorem to obtain self-consistent density matrix
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Mean-field approximation

Mean-field approximation: results
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Mean-field approximation

Mean-field approximation: wave functions

The one-body GF gives access to sp wave functions!
Obtained through diagonalization:

G<(x, x′) =
X

α

nαφα(x)φα(x′)Z
dx̄G<(x, x̄)φα(x̄) = nαφα(x)

Eigenvalues⇒ nα occupation numbers

Eigenvectors⇒ φα(x) wave functions

In progress!

Diagonal elements yield the local density:

G<(x, x′ = x) =
X

α

nα|φα(x)|2...

What happens off the diagonal?
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Mean-field approximation

Mean-field approximation: off-diagonal GF’s
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Mean-field approximation

Mean-field approximation: phenomenology
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Energy is conserved
Qualitative agreement with Bonche, Koonin and Negele, PRC 13, 1226 (1976).

Arnau Rios Huguet (NSCL) TNET ECT* Workshop 10 January 2008 15



Beyond mean-field approximation

Time evolution beyond the mean-field

Kadanoff-Baym equations
i

∂

∂t1
+
∇2

1

2m

ff
G≶(11′) =

Z
dr̄1ΣHF(11̄)G≶(1̄1′)

+

Z t1

t0

d1̄ ΣR(11̄)G≶(1̄1′) +

Z t1′

t0

d1̄ Σ≶(11̄)GA(1̄1′)| {z }
I≶1 (1,1′;t0)

First benchmark calculation to get acquainted with methodology

Direct Born approximation⇒ simplest conserving approximation
beyond the mean-field
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Beyond mean-field approximation

Born approximation self-energy

Direct Born approximation collisional self-energy

Σ≶(p, t; p′, t′) =

Z
dp1

2π

dp2

2π
V(p − p1)V(p′ − p2)G≶(p1, t; p2, t′)Π≶(p − p1, t; p′ − p2, t′)

Π≶(p, t; p′, t′) =

Z
dp1

2π

dp2

2π
G≶(p1, t; p2, t′)G≷(p2 − p′, t′; p1 − p, t)

FFT to compute convolution integrals

Local gaussian interaction fitted to NN total cross sections
Collision integrals⇒ memory effects in 2D⇒ (t, t′)

I<
2 (p1, t1; p2, t2) = G<(p1, t1; p2, t2)ΣHF(p1, t2; p2, t2)

+

Z t1

t0

d̄t
Z

dp̄
2π

ˆ
G>(p1, t1; p̄, t̄)− G<(p1, t1; p̄, t̄)

˜
Σ(p̄, t̄; p2, t2)

−
Z t2

t0

d̄t
Z

dp̄
2π

G<(p1, t1; p̄, t̄)
ˆ
Σ>(p̄, t̄; p2, t2)− Σ<(p̄, t̄; p2, t2)

˜
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Beyond mean-field approximation

Time evolution beyond the mean-field

Short time-step evolution

G<(t1, T + ∆t) = e
i
h

k2
2m +U(x)

i
∆t
2~ G<(t1, T + ∆t)

− 1
2

ˆ
I<
2 (t1, T) + I<

2 (t1, T + ∆t)
˜ 1 − ei k2

2m
∆t
2~

k2

2m

+ O[(∆t)3]

Use symmetries G≶(1, 2) = −[G≶(2, 1)]∗ to minimize resources

t 0

t

t

T

T

2

1

1

<

2

>

G (t ,T+  t)∆

∆G (T+  t,t )

Köhler et al, Comp. Phys. Comm. 123, 123 (1999).
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Beyond mean-field approximation

Time-dependent correlations

Some experience already gathered for uniform systems
Danielewicz, Ann. Phys. 152, 239 (1984).

H. S. Köhler, PRC 51 3232 (1995).

Similar calculations performed in inhomogeneous systems
Dahlen & van Leeuwen, PRL 98, 153004 (2007).

Expected physical effects
Thermalization (0 < nα < 1)
Damping of collective modes

Correlations in the initial state
Will a mean-field system evolve to a correlated ground state?
Adiabatic switching on of correlations?
Imaginary time evolution to get ground states?
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Final conclusions

Outline

1 Preliminary study with gaussian wave-packets

2 Set up a code to solve KB equations in 1D

3 Extension to 2D (3D) systems

4 Test possible approximations (x− X factorization, cut-offs, etc.)

5 Test improvements in interactions, self-energies and consistency

6 Use initial correlated ground states?
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