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motivation & introduction
aim : nuclear structure with realistic (NN) interactions

CD Bonn
Argonne V18
Nijmwegen











reproduce NN phaseshifts
χ2 = 1

charge-dependent

effects of 2-body correlations in nuclear matter :
CD Bonn ArgV18 Nijm1 Nijm2

〈E〉HF 4.64 30.34 12.08 36.871
〈E〉BHF -17.11 -15.85 -15.82 -13.93
〈T 〉HF 23 23 23 23
〈T 〉corr 36.23 47.07 39.26 48.01
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outline

* questions :
1. correlations in finite nuclei ?
2. what to do for strong cores ?

* contents :
1. eŜ method
2. diagrammatic expansion
3. results for the ground-state
4. correlated wave-functions
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eŜ method

|ψ〉 = eŜ |φ〉 Ŝ =
∑A

n=1 Ŝn

Ŝn = 1
n!2

∑

p1p2 · · · > F

h1h2 · · · < F

S p1p2···
(n)h1h2···

a†p1
a†p2
· · · ah2

ah1

Ŝ1 ←→ 1 particle-1 hole excitation

Ŝ2 ←→ 2 particle-2 hole excitation



















eŜ accounts for
disconnected

n particle-n hole
excitations
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evaluation of the Sn - amplitudes
Projecting the Schrödinger-equation

Ĥ |ψ〉 = E |ψ〉

ĤeŜ |φ〉 = EeŜ |φ〉

e−ŜĤeŜ |φ〉 = E |φ〉

multiply with 〈φ| :

E = 〈φ| e−ŜĤeŜ |φ〉

Nested commutators :

e−ŜĤeŜ = Ĥ + [Ĥ, Ŝ] +
1

2!
[[Ĥ, Ŝ], Ŝ] + · · ·

=⇒ connected diagrams for evaluation of Ŝn
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evaluation of the Sn - amplitudes
Projecting with 〈φ| a†hap = (ap

†ah |φ〉)
† it follows a

0 = hp
h + hp

p′S
p′

(1)h
− hh′

h S
p

(1)h′
+ V h′p

p′h S
p′

(1)h′

+hh′

p′S
pp′

(2)hh′
+ 1

2V
h′p
p′p′′S

p′p′′

(2)h′h
− 1

2V
h′h′′

p′h S p′p
(2)h′h′′

−hh′

p′S
p′

(1)h
S p

(1)h′
+ V h′p

p′p′′S
p′

(1)h′
S p′′

(1)h
− V h′h′′

p′h S p′

(1)h′
S p

(1)h′′

−V h′h′′

p′p′′ S
p′

(1)h′
S p′′

(1)h
S p

(1)h′′
+ V h′h′′

p′p′′ S
p′

(1)h′
S p′′p

(2)h′′h

−1
2V

h′h′′

p′p′′ S
p′p′′

(2)h′h
S p

(1)h′′
− 1

2V
h′h′′

p′p′′ S
p′p

(2)h′h′′
S p′′

(1)h

with

hα
β = Tα

β + V αh′

βh′

aT. D. Crawford, H. F. Schaefer III, Rev. in Comp. Chemistry 14(2000)33.
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diagrams of one-body equation

1 2 3

= 0

1 3 1 4

8 9

1 1

4 5 6 7

1 0

1 2
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definition of intermediates

definitions a , b

Ψ 1···n
(n)h1···hn

= 〈Φ| a†h1
· · · a†hn

a(n) · · · a(1) |Ψ〉 =
∫

dx′n+1 · · · dx
′
N

〈

x1 · · · xnx
′
n+1 · · · x

′
N |Ψ

〉〈

x′n+1|hn+1

〉

· · ·
〈

x′N |hN

〉

n = 1

Ψ x1

(1)h
= 〈x1|h〉+ S x1

(1)h

n = 2

Ψ x1x2

(2)h1h2

= Ah[Ψ x1

(1)h1

Ψ x2

(1)h2

] + S x1x2

(2)h1h2

aK. H. Lührmann, Annals of Physics 103 (1977)253
bR. J. Bartlett, M. Musial, Reviews of Modern Physics 79 (2007)291
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definition of intermediates

n = 3

Ψ x1x2x3

(3)h1h2h3

= Ah[Ψ x1

(1)h1

Ψ x2

(1)h2

Ψ x3

(1)h3

]

+AhShx[Ψ x1

(1)h1

S x2x3

(2)h2h3

]

+S x1x2x3

(3)h1h2h3

or
Ψ x1x2x3

(3)h1h2h3

= Ψ x2x3

(2)h2h3

Ψ x1

(1)h1

+ χ
(23)x1x2x3

(3) h1h2h3

with
χ

(23)x1x2x3

(3) h1h2h3

= S x1x2

(2)h1h2

Ψ x3

(1)h3

+ S x1x3

(2)h1h3

Ψ x2

(1)h2

+ S x1x2x3

(3)h1h2h3

Screens hardcore potentials

The exponential-S-method in momentum space – p.9/40



evaluation of the S1 - amplitudes with intermediates

Projecting with 〈φ| a†hap = (a†pah |φ〉)
† it follows

T p
αΨ α

(1)h + T h′

p′ S
pp′

(2)hh′

+V ph′

αβ Ψ αβ
(2)hh′

+ V h′h′′

αβ χ
(23)pαβ

(3) hh′h′′
= εh

′

h Ψ p
(1)h′

with

εh2

h1
= T h2

α Ψ α
(1)h1

+ V h2h
′

αβ Ψ αβ
(2)h1h′
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diagrams of two-body equation for nuclear matter

Projecting with 〈φ| a†h1
a†h2

ap2
ap1

it follows a

a cb

d e f

g h i

j k l

m n o

p q r

s1 s2

= 1 / e 4

aR. F. Bishop, K. H. Lührmann, Phys. Rev. B 17(1978)3757.
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diagrams for nuclear matter

original Bochum HC Resumation :

= 1 / e 4

i’

+

m’

+

o’

= + +
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Bethe-Goldstone diagrams for nuclear matter

BHF HC Resumation :

= 1 / e 4

i’

+

m’

= + +
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Bethe-Goldstone diagrams for nuclear matter

BHF HC Resumation :

a

= 1 / e 4

d m

g h i
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general structure

* integral equations ( in normal or momentum space )
* coupled , nonlinear ( term S2VΨ2 )
* hierarchical

1. 1-body equation : S1 , S2 , S3

2. 2-body equation : S1 , S2 , S3 , S4

* first approximation : S3 = S4 = 0

1. if S2VΨ2 −→ 0 : BHF : VΨ2 ∼ G
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evaluation of S2

equation for S2’s

Bethe-Goldstone-equation :

summation of two-particle-ladders

= + + + . . .
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evaluation of χ3

equation for χ3’s

Bethe-Faddeev-equation :

summation of three-particle-ladders

= + + . . .V3 +

The exponential-S-method in momentum space – p.17/40



CM-correction

TCM = 1
2mA(

∑

i ~pi)
2 = 1

2mA

∑

i ~pi
2 + 1

2mA

∑

i6=j ~pi × ~pj

two-body case

( ~p1+ ~p2)
2

2mA = ~p1
2

2mA + ~p2
2

2mA + ~p1× ~p2

mA

with
~p1× ~p2

mA = (( ~p1+ ~p2)
2−( ~p1− ~p2)

2)
4mA =

~P 2−( ~2p)2

4mA
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CM-correction

incorporation of CM-correction ~pi
2

2mA

in the general kinetic energy expression

T =
∑

i Ti − TCM =
∑

i
~pi

2

2m − TCM :

Ti −→ Ti(1− 1/A)

the CM-correction − ~p1× ~p2

mA yield the following contributions
to the kinetic energy expression

~p2

mA and −
~P 2

A×2×2m = −TRcm

A
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results for He

19 20 21 22 23 24 25
hbarw/MeV

-14

-13.5

-13

-12.5

-12

En
er

gy
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eV

Energy over hbarw (CD-Bonn potential) for He
without CM correction

10 15 20 25 30
hbarw/MeV

-28

-27

-26

-25

-24

-23

-22

En
er

gy
/M
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CDBonn
Argonne v14

He for various potentials
with CM- correction
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results for 16O(without CM-correction)

SUB 2 approximation: S3 = S4 = 0 , open symbols
SUB 3 approximation: S4 = 0 , filled symbols

2.3 2.4 2.5 2.6 2.7 2.8
Radius [fm]

-9
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-4

En
er
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N
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 [M
eV

]

 Energie und Radius von 16O
SUB2 und SUB3 Approximation

Cd-Bonn

Argv14

Exp.
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results for 16O(without CM-correction)

CD Bonn Arg V14
E/A [MeV] R [fm] E/A [MeV] R [fm]

Exp. -7.98 2.70

SUB 2 -6.31 2.421 -4.75 2.735

SUB 3 -6.96 2.445 -5.50 2.780

SUB 3 (XGX) -5.40 2.774
SUB 3 (opt. b) -6.76 2.386 -5.26 2.681
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results for 16O(without CM-correction)

0 2 4
r [fm]

-0.2

-0.1

0

S 2(r)

S2(r) CDBonn SUB2-Naeherung
S2(r) CDB SUB3-Naeherung
S2(r) ARGonne v14 SUB2-Naeherung
S2(r) ARG v14 SUB3-Naeherung

 N = 0  L = 0 , 3S1 , ν1 = ν2 = 1
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results for 16O(without CM-correction)

0 2 4
r [fm]

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

S 2(r)

S2(r) CDBonn SUB2-Naeherung
S2(r) CDB SUB3-Naeherung
S2(r) ARGonne v14 SUB2-Naeherung
S2(r) ARG v14 SUB3-Naeherung

N = 1 L = 0 , 3D1 , ν1 = ν2 = 2
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p/h symmetry diagrams for nuclear matter

= 1 / e 4

i’ l’

m’ o’

+ +

+

= + +
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p/h symmetry diagrams for nuclear matter

a

= 1 / e 4

d

g h i

j k l

m n o
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expanded definition of intermediates

definition of 〈ρ1| Ψ̂1 |ν1〉 =

〈Φ| a†ν1
aρ1
|Ψ〉

also in particle-particle space

〈ρ1| Ψ̂1 |ρ1〉 = 〈Φ| a†ρ1
aρ1
|Ψ〉 = −1

−→ summation of more diagrams
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Hugenholtz diagrams

4,0 0 ,4

1 ,1 2 ,2

0 ,22 ,0 3 ,1 1 ,3

S1 S2 S3
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Hugenholtz diagrams of one-body equation

H(1,3) + 2S(1)H(0,2) + 2S(1)

H(2,0)

H(1,1) + S(1) H(2,2) + S(1)

H(0,2) + S(2) H(1,3) + S(2)

H(0,4) + 3S(1) H(0,4) + S(1) + S(2)

H
(0,4) + S

(3)
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Hugenholtz diagrams of two-body equation

H(1,1) + S(2)

H(2,2) + 2S(1) H(2,2) + S(2)

H(3,1) + S(1)

H(1,3) + S(3)

H(0,2) + S(1) + S(2) H(0,2) + S(3)

H(1,3) + 3S(1)

H(1,3) + S(1) + S(2)
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Hugenholtz diagrams of two-body equation

H
(4,0) H(0,4) + 4S(1)

H(0,4) + 2S(1) + S(2)

H(0,4) + 2S(2)

H(0,4) + S(1) + S(3)

H(0,4) + S(4)
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summary

• correlations are important
for nuclear structure-calculations

• systematic study of n-body correlations
with the eŜ-method

• HC truncations revisited

• no single answer
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evaluation of the Sn - amplitudes

Projecting with 〈φ| a†ia
†
jaaab it follows

∑

c(T
a
c S

cb
(2)ij + T b

cS
ac

(2)ij ) +
∑

αβ V
ab
αβΨ αβ

(2)ij

+
∑

klαβ S
ab

(2)kl
V kl

αβΨ αβ
(2)ij

−
∑

k(S
ab

(2)kj
εki + S ab

(2)ik εkj)

+
∑

kαβ V
ak
αβχ

(13)αbβ

(3) ijk
+

∑

kαβ V
bk
αβχ

(23)aαβ

(3) ijk

+ 1
2

∑

klαβ V
kl
αβχ

(34)abαβ

(4) ijkl

= 0

=⇒ equation for S2
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contribution of 3-body-correlations to the 1-body-equation

U31 =
∑

ν1,ν2
〈ρν1ν2| V̂ χ̂3 |νν1ν2〉 =

∑

ν1ν2
〈ρν1ν2| X̂1Ĝ(1 + X̂ Q̂3

ê3

Ĝ)−1X̂Aν(Ŝ2Ψ̂1) |νν1ν2〉

with
X̂1 = |231〉 〈123|

= |123〉 〈231|

and with the permutation operator

X̂ = |231〉 〈123|+ |312〉 〈123|

= |123〉 〈231|+ |123〉 〈312|
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contribution of 3-body-correlations to the 2-body-equation

U32

=

∑

ν 〈ρ1ρ2ν| Q̂V̂ χ̂3 |ν1ν2ν〉

=

∑

ν 〈ρ1ρ2ν| X̂Ĝ(1 + X̂ Q̂3

ê3

Ĝ)−1X̂Aν(Ŝ2Ψ̂1) |ν1ν2ν〉

with
〈x1| Ψ̂1 |ν1〉 = 〈x1|ν1〉+ 〈x1| Ŝ1 |ν1〉

ê3 = εν1
+ εν2

+ εν3
− (T̂1 + T̂2 + T̂3)
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3-particle-Bases
problem :
change between

|(ν1ν2)ν3〉

rel. coord. between 1-2 ⇐⇒
|ν1(ν2ν3)〉

rel. coord. between 2-3

transformation in the harmonic oscillator bases

problem :
best oscillator-length b for two-body correlations
=⇒ comparison of 〈kNL(ls)jJT | Ŝ2 |ν1ν2〉 for different b
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examples

total angular momentum J = 0, isospin T = 1

occupied two-body orbitals ν1 = ν2 = 0p 3

2

CM-coord. N = 0,L = 0, relativ-coord. 2s+1lj =1 S0

Korrelationsfunktion im Impuls-Raum : S2(k) , k in fm−1

0 2 4 6 8
k [ fm  -1  ]

-0.02

-0.01

0

0.01

0.02

S 2(k
)

Oszillatorlaenge b = 2.526 fm
rot : nmax = 30 , gruen : nmax = 40

0 2 4 6 8
k[fm-1]

-0.02

-0.01

0

0.01

0.02

S 2(k
)

Oszillatorlaenge b = 0.435*2.526 fm
rot : nmax = 30
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results for 40Ca

E/A [MeV] R [fm]

Exp. -8.55 3.450

SUB 2 -8.78 2.898

SUB 3 -9.17 2.916

SUB 3 (XGX) -9.01 2.935
SUB 3 (opt. b) -9.34 2.909
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results for 16O

0 2 4
k [fm-1]

-0.03

-0.02

-0.01

0

0.01
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0.04
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)

S2(k) CDBonn SUB2-Naeherung
S2(k) CDB SUB3-Naeherung
S2(k) ARGonne v14 SUB2-Naeherung
S2(k) ARG v14 SUB3-Naeherung

 N = 1 L = 0 ,  3S1 , ν1 = ν2 = 2
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results for 16O

0 2 4
k [fm-1]

0
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 N = 0 L = 0 , 3D1 , ν1 = ν2 = 1
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