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Summary

The field of Nuclear Astrophysics is concerned with the study of nuclear reactions
involved in the nucleosynthesis process inside stars (stellar nucleosynthesis) and in the
early universe (primordial nucleosynthesis). This field flourished from the early work
of Burbidge, Burbidge, Fowler and Hoyle [Bur57], which postulated a series of energy
generating processes in stars.

In recent years, this field has seen a remarkable expansion and exciting developments,
with the introduction of more sophisticated stellar models, and increased precision in the
experimental determination of stellar reaction rates. However, it is still rare to find
experimental values of nuclear reaction rates at the energies needed as inputs to stellar
models, as these energies are almost always bellow the Coulomb barrier. Therefore, this
field continues to be marked by the need of theoretical models that extrapolate, in a
reliable way, the experimental data to the astrophysical relevant energies.

This work focuses precisely on this aspect of the Nuclear Astrophysics field, the
theoretical analysis of nuclear reaction data, particularly in the low energy region. We
propose and implement a framework for the systematic study of nuclear reactions, and
attempt to address fundamental issues regarding the modeling of low energy nuclear
reactions, namely the interplay between direct and resonant contributions to the reaction
mechanism, and the accurate extrapolation of experimental data.

We focus on applications that involve transfer or photonuclear processes, and study
a set of reactions, namely the N(p,7)?O, the 3He(d,p)*He, the *C(a,7)'®O and the
"Li(p,7)®Be reactions, that involve several types of processes (transfer and photonuclear
processes, direct and resonant mechanisms, effects of tensor forces, etc), that are the
object of much interest as modern topics of research.

We start with the introduction of the theoretical framework, where we focus on the
coupled channels model and the R—matrix theory of nuclear reactions, both as a method
of solving the coupled equations and in the pure phenomenological approach, and explore
the possibility of including R—matrix poles in a coupled channels analysis, which we call
the hybrid framework.

The first application of the theoretical framework is in the analysis of the *He(d,p)*He
transfer reaction. We study the available experimental low energy data (total and dif-
ferential reaction cross section data, vector and tensor analyzing powers and polarization
transfer observables) with DWBA, coupled channels and phenomenological R—matrix
models. In this analysis we also include new experimental measurements of the A,, and
cross section observables at zero degrees, performed in the context of this work at TUNL
(Triangle Universities Nuclear Laboratory), USA.
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The study described in the last paragraph leads to the introduction of the hybrid
R—matrix + potential analysis where the negative parity contributions, essentially aris-
ing from a direct reaction mechanism, are taken in consideration through a potential
description, while the resonant contributions to the reaction mechanism are treated in
the R—matrix framework. With this model we are able to describe the measured observ-
ables, fitting the potential and R—matrix parameters to the experimental data, and to
disentangle the direct and resonant contributions to the reaction mechanism.

The range of applications of the theoretical framework developed is then expanded
to include radiative capture processes. The analysis of these processes in the hybrid
framework requires the introduction of photonuclear couplings in the coupled channels
formalism, a development that has important application in the Nuclear Astrophysics field
since many nuclear reactions important in Astrophysics involve photonuclear processes.
We use the 2C(a,v)°0 and "Li(p,y)®Be reactions as a testing ground for the formalism,
before studying the “N(p,7)!O reaction.

Finally, the 1*N(p,y)'O radiative capture reaction is studied with a phenomenolog-
ical R—matrix model, showing the strengths and weaknesses of this approach, and with
the hybrid framework. Both these models allow the correct description of the available
experimental data, however, they yield different parameters for the set of **O resonances
used in the analysis, and different values for the astrophysical S—factor. These differences
can be attributed to a high degree of uncertainty in the low energy experimental data
available, with large error bars affecting the data in this energy range.

We conclude that the hybrid framework developed has important applications in
the analysis of low energy nuclear reaction data. With this model we are able to obtain
information on the properties of the states that dominate the resonant contribution to
the reaction mechanism, as well as on the strength of the direct process contributions.
Furthermore, we are able to accurately extrapolate the theoretical curves to the energy
region relevant for the astrophysical processes.
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This work focuses on the theoretical analysis of nuclear reaction data, particularly in
the low energy region. We propose and implement a framework for the systematic study of
nuclear reactions, focusing on applications that involve transfer or photonuclear processes.
This framework attempts to address fundamental issues regarding the modeling of low
energy nuclear reactions, namely the interplay between direct and resonant contributions
to the reaction mechanism and the accurate extrapolation of experimental data.

The immediate application of this work is in the field of Nuclear Astrophysics, which
is concerned with the study of nuclear reactions involved in the nucleosynthesis process
inside stars (stellar nucleosynthesis) and in the early universe (primordial nucleosynthesis).
This field flourished from the early work of Burbidge, Burbidge, Fowler and Hoyle [Bur57],
which postulated a series of energy generating processes in stars, and has recently been the
object of intense experimental and theoretical work as the stellar models become more
realistic. Additional motivation has come from projects of energy generation through
nuclear fusion, which involve many of the nuclear reactions that take place in stellar
nucleosynthesis.

An important characteristic of the Nuclear Astrophysics field is the energy range
at which these nuclear reactions must be known, the Gamow window. These energies
are almost always outside the energy range attainable through experimental work and
theoretical methods are necessary to extrapolate the available data to the energy region
of interest. This field is therefore marked by efforts to go lower in the experimental
energy range covered and to develop nuclear reaction models that allow the accurate
extrapolation of data. Another important feature of most nuclear reactions important
in astrophysics is the interplay between direct and resonant mechanisms. These two
processes are characterized by different energy behaviors and it is therefore important
that the theoretical description of a reaction mechanism is able to capture and disentangle
these processes.

Throughout this work the introduction of theoretical models will be guided by
their applications to specific reactions, namely the ¥N(p,v)*O, the 3He(d,p)*He, the
2C(a,y)'%0 and the "Li(p,v)®Be reactions. These reactions were chosen due to the type
of processes they involve (transfer and photonuclear processes, direct and resonant mech-
anisms, effects of tensor forces, etc), to their interest as modern topics of research, and
due to the past studies done by the research groups involved in this work (namely the
CFUNL at the University of Lisbon, TUNL at North Carolina, USA, and the Physics
Department of the University of Surrey, UK).

Overview

We start with the introduction of the theoretical framework, in part II, that will
be used throughout this dissertation. We focus on the coupled channels model and the
R—matrix theory of nuclear reactions, both as a method of solving the coupled equations
and in the pure phenomenological approach. The R—matrix theory was initially proposed



by Kapur and Peierls [Kap38] and developed by Wigner and Eisenbud [Wigd7] and is,
in the pure phenomenological form, probably the most widely applied model for analysis
and extrapolation of low energy reaction data. Although rigorous and therefore capable
of describing all types of reaction mechanisms, it is however particularly adapted for
describing the compound nucleus mechanism. Indeed, although the R—matrix theory
is able to accommodate the possibility that two colliding nuclei can interpenetrate each
other without necessarily forming a compound nucleus and therefore describe the direct
reaction mechanism, the theoretical description of a direct reaction mechanism is more
efficiently and elegantly done within a coupled channels framework.

In part ITIT we study the 3He(d,p)*He reaction. This reaction rate is important
in the determination of the relative abundances of D, *He, *He and "Li obtained from
primordial nucleosynthesis and as a testing ground for nucleon-nucleon (N-N) interaction
models, making this reaction a very modern topic of work. Moreover, the fact that this
reaction has been investigated since the early days of accelerators to study various nuclear
phenomena, and the amount of information available, makes it an ideal first step in the
testing of new approaches to nuclear reaction modeling which is ultimately the objective
of this work.

We start in chapter 3 with a description of the essential features of the *He(d,p)*He
reaction. After the analysis of the mechanism through which it occurs, we introduce

the polarization formalism for reactions, focusing on the specific 1 + : — 140 spin
structure, relevant for the study of the *He(d,p)*He reaction. This chapter ends with the
analysis of the available experimental data, focusing on the indications for the importance
of non—resonant processes.

In chapter 4 we present the details of new experimental measurements of A,, and
cross section at zero degrees performed at TUNL. These results, together with recent
measurements of the K¥ observable, allow the calculation, for the first time, of all the
linearly independent scattering amplitudes at a scattering angle of 8 = 0°.

Finally, in chapter 5 we analyze all the available observables for the 3He(d,p)*He
reaction (total and differential reaction cross section data, vector and tensor analyzing
powers and polarization transfer observables) and the new data obtained in chapter 4,
with the theoretical models introduced in part II. This study leads to the introduction of
the hybrid R—matrix + potential framework. In the hybrid analysis the negative parity
contributions, essentially arising from a direct reaction mechanism, are taken in consid-
eration through a potential description [Bra04], while the resonant contributions to the
reaction mechanism are described in the R—matrix framework. In this way one is able to
describe the measured observables, fitting the potential and R—matrix parameters to the
experimental data, and to disentangle the direct and resonant contributions to the reac-
tion mechanism. The coupled channels code used in this analysis was the FRESCO code,
developed by Tan Thompson [Tho04] and upgraded with y* minimization, SFRESCO.

In part IV we focus on the introduction of photonuclear couplings in the coupled
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Figure 1: Scheme of the CNO cycle which is the main energy production mechanism for
main sequence stars with M > 1.1 Solar Masses and T > 1.6x107 K.

channels formalism. Although the 3He(d,p)*He reaction is an important application of
the hybrid framework developed in chapter 5, many nuclear reactions of interest in as-
trophysics are radiative capture reactions that involve the calculation of electromagnetic
couplings in order to be treated in a coupled channels framework. These were however
not included in the FRESCO code.

We start in chapter 6 with the implementation of a phenomenological R—matrix
code for radiative capture reactions, showing the strengths and weaknesses of this model
through its application to the study of N(p,y)!®O reaction. This reaction is part of the
CNO cycle, shown in figure 1, and it has recently been the focus of intense work, both
experimental, with two competing experiments (from the LUNA collaboration and TUNL)
publishing their results in 2004, and theoretical with new R—matrix fits to existing data
by Angulo and Descouvemont [Ang01].

In chapter 7 we introduce the standard derivation of the radiative capture cross
sections for electric, EL, and magnetic, ML, processes, and proceed to the derivation
of the coupling interactions in chapter 8. This formalism is implemented and applied
to the "Li(p,7)®Be and C(«a,7)'0O reactions. These reactions are important in the
Hydrogen burning stage, where the "Li(p,7)®Be is relevant to the understanding of the
capture mechanism in the "Be(p,7)®B reaction of the pplIII chain, and the Helium burning



stage of stellar evolution, respectively. They are used in this chapter as a testing ground
for the formalism due to the background the Lisbon and Surrey groups have on these
systems [Sam99, Bra00].
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Figure 2: Scheme of the pp chain with the three main branches.

Finally, in chapter 9, we applied the formalism developed in chapters 6—8 to analyze
the “N(p,7)'®0O reaction, already studied in chapter 6, in the context of the hybrid model
framework, and obtain the astrophysical S—factor.

With the application of the hybrid framework developed in chapters 1 and 2 to
the study of transfer and radiative capture reactions, in chapters 5 and 9, respectively,
we prove the usefulness of this approach in the analysis of low energy nuclear reaction.
Indeed, with this framework and the tool that was developed in the context of this work
(the upgrade of the SFRESCO code), one is able to study the experimental data (total and
differential cross section data, vector and tensor polarization observables, and polarization
transfer data) for most nuclear reactions of interest in Astrophysics. It is possible to
obtain information on resonance widths and energies, and to determine the strength of
the direct contributions to the reaction mechanism, and furthermore it allows an accurate
extrapolation of the theoretical curves to the low energy region. These are important
features for a theoretician or experimentalist working in the fields of low energy nuclear
reactions and Nuclear Astrophysics.
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Chapter 1

The coupled equations

When two nuclei interact with each other, they can scatter elastically, they may
excite each other, or rearrangement processes may occur. We classify these possible
outcomes in terms of different partitions, 7, of the total mass. In the 6A dimensional
configuration space, where A is the number of constituents in the system and we included
the spin degrees of freedom, one can define an internal region where all nucleons are
within a volume of nuclear dimensions in physical space, and an external region where
the nucleons are arranged in two body configurations.

For a nuclear process under study only a few of the available open configurations
are significant. By imposing a truncation on the number of considered configurations, one
is left with a finite number of partitions. In the partition 7 of the projectile and target,
T = p + t, the intrinsic nuclear Hamiltonian, H,, is

H,=H,+ H, |, (1.1)
where

Hyxp, = Epxp
Hixt = Eixy

since H, and H; are the components relative to the projectile and target, respectively;
the x, and x; are the wave functions for projectile and target, respectively.

The effective Hamiltonian is, considering the system in the c.m. coordinate frame:
H=H+T,+V, (1.4)

where the effective interaction, V,, is obtained by summing the two body interactions
between the constituents of projectile and target:

V.= >V (1.5)

1€p,jEL
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and T, the kinetic energy operator for the relative motion in partition 7. The nucleon
coordinates {ry,...,r4} can be written as {rj..r,_1,R,,rp11..r4_1, R;} where R, and
R, are the c.m. coordinates of the projectile and target respectively. R, and R, can
in turn can be written as R = R, — R; and R, (the Jacobian of the transformation
is 1) corresponding to the relative coordinate and the c.m. coordinate respectively; in
a reference frame centered in the c.m. the R, is zero. Integration with respect to the
{ry..rp_1,1rp11..r 41, R} coordinates will be denoted by the subscript ry4 or by dr; 4, and
the set of coordinates {ri,...,r,_1,Tps1,...,r4_1} Will be denoted for simplicity as T; 4.

The model wave function for the system, ¥, can therefore be expanded in the set of
internal states of the system x, = x, X in the corresponding partition

v = Z@/)r )X (F1a) > (1.6)

where R, is the relative coordinate of the 7' channel.

Inserting (1.6) in the Schrédinger equation for the system

(H—E) Zq/;T X (Fra) >=0 (1.7)

and acting on the left with x7,, and integrating on the internal coordinates one obtains,
with E; = E — E, — E; and with the approximation < x,|x,» > = 0for 7" # 7

<X:| (H; + T + V. — E) Z¢T/(RT/)|XT/ >=0

& (T, - E;) wa <xT|xT>+Z<xT\V\xT>wT/—0

e

g ( )1/}7' +Z<XT|V|XT>’¢}T( T)ZO
& (B, =T, = Vi) ¢:(Ry) = Y VI (Ry) (1.8)
/¢7—

which constitute a set of coupled equations for the wave functions of the relative motion,
1 (R.). The matrix elements represent integration over the internal coordinates:

VI = < xVilxe >
- / N (E)Vo (R, Fra) o (Fra) dEia (1.9)

Partial wave expansion

Since the integration of the angular part can be done analytically, through the
properties of the spherical harmonics, one should introduce the coupled equations corre-
sponding to the partial wave expansion of the solution of (1.7).
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In the jj coupling scheme the spin-orbit wave functions in a given partition, 7, are

defined by:
mr (P . T8 Mpt
yLSpj(Rrarl---rp—l) = Z(Lﬂa SpMp|im) Y7 (R;) Xs, (ry...rp-1) (1.10)
:U'7MZ7
and the channel wave functions are constructed through:
MR TIA) = Y (m, S MTM) Y7 (Reryrpt) X8 (Tprasy)  (L11)
m, My

where we introduced the definition of channel «, which corresponds to the set of quan-
tum numbers defined with the 7 partition {r, (L, S,)j, S:; JM}, J is the total angular
momentum, and 7 the parity:

T = (=) 7, 7, (1.12)

J =454+ S =(L+3S,)+ S (1.13)
which corresponds to defining the channel « in the jj coupling scheme; alternatively
one can use the LS coupling scheme, or channel spin representation, where a =
{7, (Sp, S¢)S, L; JM}, in which case the parity is still given by (1.12) and J = L+ S =
L+ (S, + S;). One can expand the model wave function, ¥, into partial waves:

71—/ RT/ B _
vy =y % M (R, T14) (1.14)

corresponding to the decomposition (1.6).

Inserting the expansion (1.14) in the Schrodinger equation one obtains, like in (1.8):

[Ea - Ta - UJ(RT)} gJ(RT) = Z VaJofOSt @Dg'J(RT’) (1-15)
o' #a
where:
d>  Lo(Lo+1)
T, = ¢ {—ng + 2 (1.16)
Vol = < VATIVAVAT > (1.17)

and U(R) corresponds to the diagonal part of the coupling that is usually parametrized
through an optical potential with nuclear and Coulomb terms; the indices {anr.J} in 1) and
U represent the quantum numbers corresponding to the partial wave, and the subscript
T14 in (1.17) denotes integration with respect to the internal coordinates. The coherent
sum in (1.15) represents the contribution for the a channel from all the other channels
of the model space, o' # «, with finite coupling interactions, V.. The ¢, factor in
eq. (1.16) allows for the possibility of particle channels with mass transfer, for which
Cr = % where m. is the reduced mass, or gamma channels, where ¢, = —k% gives rise
to Maxwell’s equation as will be explained later in chapter 8.
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Boundary condition

An important definition that should be introduced at this point is that of the channel
radius a, which marks the frontier between the internal and external region and corre-
sponds to the minimal radial distance of separation at which neither particle experiences
polarizing forces from the other [Lan58].

In the external region, outside the range of the couplings, V and U — 0 apart from

ZpZie?
Ry

the Coulomb interaction (V.g, 5,1 = ), and one can write from eq. (1.15):

urr(pr)" = [L(L +1)p7 + 2n:p7 F urr(p,) = 0 (1.18)

E )7  ZpZie?

where p, = kR, (k. = =), nr = is the Coulomb parameter for particles

channels (v, = %chT) while 7, = 0 for gamma channels, and the differentiation is with

respect to p,. The — (+) sign refers to positive (negative) energy channels.

For positive energy channels the two linearly independent complex solutions of (1.18)
usually chosen are the ones that represent incoming, I, and outgoing, O, waves (the
solutions for closed channels can be found elsewhere [Lan58|). These can be written in
terms of the real and linearly independent regular, F', and irregular, G, Coulomb functions:

I, = (G, —iF,)e™ (1.19)
On = (Gy+iF,)e ™ (1.20)

where w, = o7, — g is the Coulomb phase shift.

The complete wave functions for positive energies, corresponding to incident and
outgoing waves of unitary flux, are therefore:

Lrs,si = (i"YE) XpX (1.21)

Orgysin = (V) —=5-2Xs (1.22)

where the /v, factor normalizes the flux.

Wave functions at the boundary surface S

In order to match the radial part of the wave functions in the external and internal
regions in the surface, S, at radius a, in the relative coordinate of each channel, we use
the value and derivative quantities, V,, and D,, respectively:
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N—
SIS

/ OrUdS (1.23)

= Va+(ac7)%/soz W U'dS (1.24)

where W' is the total wave function of the system in the internal region, and u,(a) the
radial part of the wave function for channel «, as expressed in (1.14). The surface func-
tions, ,, defined as the term that multiplies the normalized incoming and outgoing radial
functions in (1.21) and (1.22), are normalized and mutually orthogonal in S:

/(p(’;goa/dS = 0aes - (1.25)

In the external region, there are four quantities necessary to the specification of the
wave functions on S: I, I, O and O’ (or F, F’, G and G’), which reduce to three through
the Wronskian for positive energy channels [Lan58]:

Wi = (Ol = L0050 = 2(FLGla — GLoFa) o = 2i (1.26)

These can be chosen as the shift factor, S,, the penetrability, P, and the hard-sphere
scattering phase shift, ¢,, defined as:

OI
L, = (,oa—a) = S, + iP, (1.27)
OO‘ Rr=a
1
I, \?2 :
Qn = (—“) = eliwa=¢a)] (1.28)
Oa)p _,
1
$o = lg 'S (1.29)

The scattering matrix

The general solution of the wave equation in the external region is:

U= (2000 + Yolo) (1.30)

«

where vy, and z, are the amplitudes for incident and outgoing waves in various channels
a, respectively. The scattering matrix U relates the vectors x and y:

x = —Uy (1.31)
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In the case where there is only one incident channel (1.30) becomes

\IIiencident ina ZOé - Z Uoc’ozoa’ (132)

We now match the interior and exterior wave functions through the value and deriva-
tive quantities with (1.23), (1.24) and (1.30):

Vv, = (Cl>§(v;§Oaxa+v;§ aYa) (1.33)
a
pe\?, -1

D, = (“—) (va20. 0 + va 2 I Ya) (1.34)
a

The cross section

Writing the general solution in the external region, for unspecified coefficients of the
incoming waves, as a function of the scattering matrix:

U => (00 Za = UnraOu' )V (1.35)
and summing and subtracting the term W':
V' = (bacrTa — €600 )Ya (1.36)
one obtains
U =0+ Z(e%”“éaa/ — Ua/a)(’)a/ya (137)

aa’

Choosing ¥, so that ¥’ represents an incident plane moving along the z axis and
disturbed only by the Coulomb field

in 1
Yo = Yrs,s,in = 5 — (2L + 1)2 (1.38)

T

and using the channel spin representation, {(S,, S¢)S, L}, one obtains for ¥’

_1 . F
R A Z " (2L + 1) L P (cosO) x s (1.39)
E] T R'r
which has the asymptotic form
_1 2
TeM. ™~ Ur 2XrSM, [(1 — ZICT(R?Z—T—ZT)> exp (ik,z, —i(n, logk, (R, — z;) — 0.0))

T ,

TR C-(0,) exp (i(pr —nr log2p, — 0r0)) (1.40)

C.(0;) = (47‘(‘)_%7% cosec? (%) exp (—Zim log sin (%)) (1.41)
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The VU’ represents an incident wave along the quantization axis, z, in a Coulomb field
and a scattered wave with coefficient C.(6,). On the other hand, one obtains for the
asymptotic form of the particular solution that verifies (1.38):

exp(t(pr — ne log2p — o
Z (2L+1)% p(i(p 771 g2p 0))
k 2
T HSILL ML vi Ry
(GQMTILI5T’S’L’M§H’,TSLMSO - UT’S’L’M/SN’,TSLMSO)YL'M'(RT’)XT'S/Mé (1.42)
In this way, one can define the amplitude for scattered waves in the asymptotic region,
{T'S"M}, corresponding to an incident plane wave, {7SM;}, through the scalar product:

AT’S’MQ,’TSMS (RT’)

1
= vZexp(—i(py —np log2p. — o)) Rlim RerXGrgn VAT ar

—
1 —>00

N

™

= k?_ {_CT/(HT/)aT/S/Mé7TSMS
.
, 1t %, -
+i Z (2L +1)2 [62“"“ 0§ L M 7 SLML0 — UT’S/L/M;;/,TSLMSO} YLW(RT')} (1.43)
L'y'L
where T4, denotes the internal coordinates in partition 7’.

By writing the scattering matrix in the channel spin representation:

Urisipmip wSLMup = Z(SMSLM JM)UZ i1 w5 (S"MLL i/ | M) (1.44)
JM

one obtains for the scattered waves amplitudes:

A

AT’S/Mé,TSMS (RT’)
1
T2
= k_ {_CT’(HT/)éT’S/Mé,TSMS
-

+i > (2L + 1)3(SM, Ll JM)(S'M.L /| TM) TTJ,S,L,JSLYL/M,(RT/)} (1.45)

JML' /'L
where we defined the T-matrix as:

J 2
TT’S’L’,TSL =e€

0 Sersin st = Ubrgris st (1.46)

In the case of unpolarized incident particles, the differential cross section is obtained
from the scattering amplitudes by summing over M’ and averaging over M. Furthermore,
in the channel spin representation, the different values of the channel spin contribute
incoherently to the unpolarized differential cross section [Sat83]. We can therefore write

do 1 R
AT,T == AT/ 'M! 1 - 2 14
dR,  (2S,+1)(25, +1) > Avsuzsu (Re) (1.47)

ol S/ M!S M,
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Using (1.45) in (1.47) and integrating over the solid angle, one obtains

T
Orr = 72 Z 97 |TTJ/S/L/,TSL‘2 (1.48)
T JLL'SS'
2J+1

(25, + 1)(2S, + 1)

To match up with the notation of [ThoO1], one defines:

NI

T

FT/ — _k:_ CT’<9T/)
. (0.
1y XD (—ZZnT/ log sin (7)>

e R (1.50)

T sin (%)

SJ/ — e*in/L/e*inL UJ/ /&

oo o, ’U;_
_ e*i(UT/L/*UT/o)efi(UTL*UTO) U&]/ o Z_:- (151)

T

where (1.51) corresponds to a different definition of the incoming and outgoing solu-
tions (1.19-1.22). Using alternatively the jj representation, where o = {(S,, L)j, St, JM },
one can obtain an alternative expression for the scattered waves amplitudes, with the T-
matrix defined now as Ty o = % {0ara — Si/ﬂ}:

AT/MI/)Mé,TMth (R’T/)

== FT/ (‘97’)50/,01
ST (L0, S, MyliA,) (G My, SUMiTM) (L, SMoj1 + M)
LL/jj'J

47 . )
(j,// + MII)’ Stht/|JM)k_ﬂ-ez(aT/L/—aT/O)ez(a.,-L —070)

T

[2L + 11 Mp+My—M,— M} , Uy
T oY " PRy 1.52
4 2L (R-) v, (1.52)

which corresponds to equation (38) of [Tho01].

With the definitions (1.50-1.52) the cross section for the process 7 — 7’ becomes,
factorizing the flux factors out to the cross section expression:

47TUT/
Irr = 727, Z 9J|7;{L'j',TLj|2 (1.53)

JLL'jj'

Both egs. (1.53) and (1.48) are used in this work, according to the coupling scheme used
in the calculations.



Chapter 2

Solving coupled equations

2.1 Iterative solutions

For given potentials and coupling interactions the coupled equations (1.15) need to
be solved to obtain the scattering matrix. If the coupling interactions are weak, which is
usually the case for photon channels, or if the back coupling effects of these interactions
are already included in the optical potentials of the prior channel, it becomes reasonable
to use the distorted wave Born approximation (DWBA). This is equivalent to solving the
differential equations by calculating the T-matrix, as will be demonstrated in chapter 8.

If the couplings are stronger, the coupled equations may be solved iteratively, which
is equivalent to n-step DWBA. When the couplings are too large, or the system is too
near a resonance or a bound state pole, the procedure will diverge. Furthermore the
iterative method only allows local couplings to be treated exactly, as non-local couplings
from transfers have to be included iteratively.

2.2 R-matrix solutions

The R—matrix method of solving the coupled equations has the advantages of being
more stable numerically than the iterative methods, and also allowing non-local compo-
nents of the Hamiltonian in the interior region to be included to all orders. Furthermore,
this method allows additional phenomenological terms to be included in the R—matrix,
which is a useful feature in the analysis of resonant mechanisms, as will be shown later in
this work.
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One defines the real boundary condition as the ratio of value and derivative quan-
tities introduced in the previous chapter:
9a _ Dia

= = B, 2.1
M V)\oz ( )

By satisfying this boundary condition on the boundary surface at channel radius, a, the
solutions of the wave equation with eigenenergies E,;, Xysn:

HX\jm = Exg Xagm (2.2)

constitute an orthonormal set over the internal region, [0, a], and one can write the wave
function for any particular energy, F, as a linear combination of the X jp;:

Uy =Y AvXom (2.3)
X

2.2.1 R-matrix model with reaction channels

In this section we introduce the R-matrix model in the multichannel case as a gen-
eralization of the 1—channel case developed in appendix A. The intermediate step, the
two channels case, important for the understanding of the definition of reduced width for
transfer and radiative capture reactions is presented in appendix B.

The R—matrix relates the value of the wave function at the channel radius, a,
expanded in terms of eigenfunctions of the internal region as in eq. (2.3), with its derivative
at a, where the matching between the wave functions of the internal and external regions
is done. In the 1—channel case the R—function is given by:

ug(a) o0
(i), FTEE

where the Green function, G(R, a), relates the value of the wave function in the internal
region with its derivative on the surface, and v, are the square root of the reduced
level widths (see appendix A). The generalization of eq. (2.4) to the two channels case
corresponds to eq. (B.15) of appendix B.

For the multichannel case we start by generalizing the Green condition, eq. (A.3),
replacing the surface term by a sum over participating channels:

<E2 — El) /\1[2*\111dl = Z(%Q*Dla - %aDQQ*) (25)

where @ denotes integration over the interior region, and it is assumed that the interaction
term, V| is self-adjoint.
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The R-matrix

Considering that the general boundary condition (2.1) is satisfied by the complete
set of states X sy of the internal region on the surface, S, and using eq. (2.5), one obtains
for the coefficients of the W ;,, expansion in this basis, eq. (2.3), dropping the JM indices:

A)\ = /XA Vdi = E)\ - ZDO{’}/)\Q (26)
where DY = D, — B,V,. The ¥ expansion is therefore:
XaVra
U —
s [z

which relates the value of ¥ in the internal region with its derivative on the surface S,
D?. Multiplying (2.7) by the surface function, ¢, *, and integrating on the surface S one
obtains in matrix notation:

D? (2.7)

«

V = RD" (2.8)

where V and D? are column vectors of components V., and DY respectively. The elements
of the R—matrix, R, are, generalizing eq. (2.4) (see appendix B):

e N Ual@)uy (a)
Row (E) = Z “E_E,
A

- [ 3 (29)

where u$ are the radial part of the elements of the basis for the expansion of the channel
wave functions ¥9,, in the internal region, X§, and

=/ .10

is the square root of the reduced level width. Defining the square matrix of the vector v,
with components vy, as (v, X 7v,), we can write (2.9) in matrix notation

’YAX’Y)\C

R =
E\—-F

(2.11)

where the matrix C contains the information on particular channels (see appendix B); the
R—matrix is real since the components of ~y, are real.
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2.2.2 The Scattering matrix

With the fundamental R—matrix relation (2.8) and the value and derivative quan-
tities, (1.33) and (1.34), one obtains, with the boundary condition B = 0 [Lan58]:

g(v_%O—va_%O')x = —\/g(v_%I—va_%I’)y (2.12)

a

where C and v are real matrices of elements ¢, and v, = v,, respectively. With (1.31) one
obtains for the relation between the scattering matrix, U, and the R—matrix:

f( 20 ~R’pv30)) [@v—%x-m—%m] (2.13)
_ \F\f<1_RJp )1<1—RJ’)II,) c1 (2.14)
— \/7\/;\/% 1-RL)” 1—RJ£)\/7\/E\/7 (2.15)

where £ = (pI—/)R . Using B = 35 & one can write the for eq. (2.15)

-1

U’ =

I

U’ = QB:(1-R’L)" (1-R/L)B:Q (2.16)

= QW'Q (2.17)

which corresponds to eq. (VII-1.5) of Lane and Thomas [Lan58] when the particular case
of particle channels is considered (in this case one defines B = ;5& = I"“—g = {5 since the

B factors from B~z and B2 cancel). The W matrix is
W’ = B:(1-R/LO)'(1-R/LOB: (2.18)
= 1+B2(1-R/LY)'R/B:W (2.19)
and can be easily generalized for a general boundary condition [Lan58]. The eq. (2.12)
defines the scattering matrix U as a function of the parameters {yaa, Fx, 0a) Pa; Sa, Pal;

although these quantities depend on the parameters a and B,, the U—matrix, which
characterizes the physical system, should be independent of these parameters.

2.3 Phenomenological terms in the R-matrix

2.3.1 The hybrid method

By treating the potential contribution in the way described in the previous sections,
one is able to add additional poles to the R—matrix, defined in eq. (2.9) as Ry (E), with
the form:



2.3 Phenomenological terms in the R-matrix 21

R(E) = e « Ema ~ (2.20)

where v2 are the partial widths of channel a for the additional level v. This equation
is the fundamental relation of what will be referred in this work as the hybrid model,
which was originally proposed by Johnson [Joh73] and first applied in the field of nuclear
astrophysics to the analysis of the 2C(a,7)'°O by Koonin et al. [KooT4].

In this model one is able to combine the coupled channels solutions with additional
R—matrix poles that describe specific resonant contributions to the reaction mechanism
and obtain the complete R—matrix. The scattering matrix can then be calculated from
the R-matrix following the formalism introduced in chapter 1. This approach overcomes
the usual difficulties of coupled channels analysis of nuclear reactions where a significant
number of levels contribute to the reaction mechanism in the energy region being studied.
The partial widths, 7%, are usually left as adjustable parameters in a x? fit to experimental
data.

2.3.2 Simple R-matrix phenomenology

The most widely applied model for analysis and extrapolation of low energy reaction
data is probably the R—matrix theory of nuclear reactions in its pure phenomenological
form, independent from the Hamiltonian. In these applications the R—matrix is simply:

B ’Y(:v’ya
FaalB) = Coue Y g2

SAZA
= 5 Jadar (2.21)
E\—F

where the constant C, o, which in eq. (2.20) takes the value C, = \/g, is usually
chosen in the this context to be C, = 1, corresponding to a definition for the partial
widths of channel o from the additional level \, 72, different from the used in eq. (2.20),
72 (see appendix B for details). This choice is valid in the weak coupling limit, discussed

bellow, where the reverse couplings are not used.

This approach is used extensively by many authors. In the particular case of the
reactions that are studied in this work, the analysis of the *He(d,p)*He reaction by
Geist et al. [Gei99], of the MN(p,7)O reaction by Angulo and Descouvemont [Ang01],
and of the '2C(a,7)'0 reaction by Azuma [Azu94] should be mentioned. In these works
the properties of the states, ), included in the analysis (Ey, 72 and 72,) are taken as
adjustable parameters and fitted to existing experimental data.
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An important feature of phenomenological R—matrix analysis [Ang01, Azu94, Gei99]
is the introduction of background poles to account for the contributions arising from
direct capture (DC) or low energy tails of high lying resonances. Indeed, contrary to
the coupled channels approach, which allows the integrated treatment of the resonant
and direct contributions to the reaction mechanism, describing the resonances through
the interaction Hamiltonian, and also the explicit calculation of the direct contribution
through a potential model, the phenomenological R—matrix approach takes the direct
contributions into account by including background poles at high energies but with no
direct connection to known resonances.

Two channels case in the weak coupling limit

The inversion of the (1 — R/LY) matrix of eq. (2.19) is relatively simple in the case
where one only considers two reaction channels (noted by 1 and 2). The components of
the scattering matrix are:

Wi = 1 + 2iP[Ry; — LY(Ry Ryp — R%)]d™? (2.22)
Wiy = 1 + 2iPy[Ryy — LY(Ry Ryy — R%)|d ™1 (2.23)
W12 - W21 - 2’l>P1§R12P2§d71 (224)

where L? = L — B results from the generalization of eq. (2.19) for a boundary condition
B, and d is the determinant:

d = (1 =Ry LY (1 — RypLY) — LRy Ryt LS (2.25)

In the weak coupling limit one can treat the final channel perturbatively, which
amounts to setting the corresponding column of the R—matrix to zero, and obtain:

d ~ 1—RyLY (2.26)

In this way, using (2.24) in the cross section expression (1.48) one obtains

dm PP R, P7
01,2 = k_% ;gJ 1 1_ f%iz(f (2.27)
%
where the elements of the R-matrix are, from (2.21) (see appendix B):
- g
Ry = ; N (2.28)
B = Y Y2 (2.20)

E\—-FE
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Replacing egs. (2.28) and (2.29) in the cross section expression one obtains:
1.1 2
3 Tk
- —~ B\~ E
012 = 5 - 2.30
1,2 2 ZQJ 1= 10 Ry, ( )

JSL
S'L!

This approximation is particularly useful in the analysis of radiative capture reac-
tions. In this case the summing indices S’L’ correspond to the channel spin of the final
state, including the spin of the photon, and the multipolarity of the radiation, respectively.

The energy dependence of I'-widths in eq. (2.30) is obtained in a general way from
the penetrabilities according to the definition:

Ty = 2PA3; (2.31)

however, in order to compare the formal I'—widths obtained from an R—matrix analysis
with experimental values, one should calculate the observed widths according to [Lanb8,
Til02]:

- PV

S, = (a5, (2.32)
L+ >0 (d_é)

Al

E=E,

where S is the shift function.
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Chapter 3

Features of the reaction

In the introduction we mentioned the importance of the 3He(d,p)*He reaction rate
in the primordial nucleosynthesis, in the context of fusion reactor processes [Kra87], and
as a testing ground for nucleon-nucleon (N-N) interaction models [Bit90], which make this
reaction a very much modern topic of work.

In this chapter we describe the essential features of the 3He(d,p)*He reaction. We
start with the description of the reaction mechanism. We then introduce the polarization
formalism for reactions induced by deuterons, focusing on the particular spin structure

relevant to the study of this reaction, 1+ % — % +0. Finally, we describe the sets of data
that will be used in the analysis of the *He(d,p)*He reaction presented in the following
chapters.

3.1 Reaction mechanism

The *He(d,p)*He reaction rate is dominated at deuteron energies below 1 MeV by
a broad J" = %Jr S—wave resonance in °Li at E; =0.210 MeV [Til02]. The analysis of
the energy level diagram of °Li, in figure 3.1, also shows that up to deuteron energies
of 5 MeV, above the threshold of *He-+d, there are 4 other levels: %_, %Jr, g+ and %Jr.
With this information one can identify the matrix elements that can contribute to the
3He(d,p)*He reaction mechanism. For the positive parity states and considering relative
angular momentum in the entrance channel up to L; = 2 we have the contributions
shown in Table 3.1, where we have used the notation ?**'L; for the initial and final
states (S; = Sq + Ssp. and Sy = S, + Sag. = % are the channel spin for the initial
and final states). If the reaction mechanism is predominantly resonant, them M; and
M, are associated with the %Jr resonance at E; = 3.87 MeV, M3, M, and Mj5 to the %Jr
resonance at E; = 0.21 MeV which is the closest to the threshold, Mg and M; to the g+

resonance at E; = 3.05 MeV, and Mg with the g+ resonance at E; = 2.79 MeV. In the
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case of the negative parity contributions, Table 3.2 shows the relevant matrix elements
considering P-wave contributions from J™ = %7 and %7 states. Again in the case of a

predominant resonant mechanism Mg and M, are associated with the %_ subthreshold

state at E; = —15.17 MeV, while My; and M, are associated with the 2~ resonance at
Eg = 2.62 MeV.
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Figure 3.1: Energy level diagram for 5Li.

For very low energy deuterons, it is expected that the main contribution to the
reaction mechanism arises from S—wave capture in the entrance channel. Tables 3.1
and 3.2 show that in this case there are only 2 matrix elements contributing, M; and M3,
one of them corresponding to the lowest resonance (%+) which is therefore expected to be

the dominant component to the reaction.
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However, recent measurements of polarization observables [Gei98], have shown sig-
nificant deviation from the expected S—wave resonant behavior. These discrepancies may
be due to L >0 contributions to the reaction mechanism arising from direct transfer
processes or tails of distant resonances, as the ones listed above. Indeed, the inclusion of
P—waves amounts to considering the contribution of 4 additional matrix elements, Mg_15.
It should be noted that the matrix elements Mg and My, should contribute predominantly
through the direct reaction process in the energy range 0 < E; < 1 MeV, since the only
possible %_ resonant contributions are from distant states of °Li [Til02] (the closest being
the subthreshold state at E=—15.17 MeV). Additional experimental information as well
as appropriate models are required to identify these processes and obtain information on
the relative importance of direct and resonant mechanism.

n|S; | Li| J | Lf| S transition

11210 ]1/2] 0 [1/2] 2512 — 2512
203/20 2 [1/2| 0 |1/2|*Dyjp — 251
313/2]10[3/2] 2 [1/2] 1S3 — 2D3po
401/2| 2 (3/2| 2 | 1/2|2Dsjp — *Dyo
5(03/2 2 [3/2| 2 |1/2|*D3pn — 2Dy
6|1/2] 2 [5/2] 2 |1/2]2Dsn — ?Ds)o
713/2| 2 |5/2| 2 |1/2| D5 — "Dy
8 3/2 2 7/2 4 ]_/2 4D7/2 - 2G7/2

Table 3.1: Matrix elements, M, for positive parity states, that contribute to the
3He(d,p)*He reaction mechanism.

n| S, |Li| J | Ly| Sy transition

o [1/2| 1 [1/2] 1 [1/2] %P — Py
10[3/2] 1|1/2] 1 |1/2]4P, — 2Py
[ 1/2] 1 [3/2] 1 [1/2] 2Py — 2Py
12 [3/2] 1 (3/2] 1 |1/2] 4Py — 2Py

Table 3.2: Matrix elements, M, for negative parity states, that contribute to the
3He(d,p)*He reaction mechanism.
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3.2 Polarization formalism for the T—i—% — %—i— 0 spin
structure

In this sections we introduce the polarization formalism for reactions, following
the article of Gerald Ohlsen [Ohl72]. We start with general remarks on the polarization

formalism and then focus on the calculation of the observables for the specific T—l—% — %—l—O
spin structure, relevant for the study of the 3He(d,p)*He reaction. We obtain the density
matrices for the initial and final states and the scattering amplitudes that relate them,
and write the cross-section and outgoing polarization components as functions of these.
Finally we write the scattering matrix, M(R) = M(6, ¢), in terms of a product of the 3x1
matrices and the Pauli operators. Since each of the zero-degree observables depend on a
relatively small number of M-matrix amplitudes, thus allowing a relatively unambiguous
determination of the properties of these elements, we calculate the M—matrix for the

0=0° case and obtain the form of the observables at 0° degrees.

3.2.1 General remarks

Deuterons are spin 1 particles and therefore exist in three spin substates, mg = £1
and 0. A deuteron is unpolarized if there are equal populations of particles in each spin
substate mg: Ny = N_; = Ny.

To span the 3x3 space, nine hermitian operators are needed. Using the basic spin
1 angular momentum operators:

L Jo1o L Jo =0 10 0
Sp=— 101 8=—|i 0 —i|S=[00 0 (3.1)
V210 1 0 V219 i o 00 —1

(with the condition that each has zero trace so that each will be orthogonal to the unit
matrix and the expectation value is zero for an unoriented ensemble), the set of operators:

3

(where 26;; makes the second rank tensor traceless) and the unit matrix, I, form an
over-complete set from where the nine operators can be obtained by choosing any of the
pairs:

(Pm_Pyy) Pzz
(Pyy_Pzz) Pzz
(PZZ_PM) Pyy

in place of the three operators P;;.
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The density matrix for an ensemble of spin 1 particles

We use the notation P, = S;, with ¢ = z,y, and z, and define the set of orthogonal
operators, €);, required to be normalized so that:

which corresponds to the set:
2
QO =7 Q4 — _ny
3
3 2
Q1 = §P$ QS - gpxz
3 2
QQ - §Py Q6 - gpyz
3 1
Q3 = P Q7 = —(Prz — Pyy)

~ /2P,
Os :\@Pw (3.5)

These expressions correspond to the Cartesian form of the most commonly used spherical
basis [Gom01, Mad71].

The density matrix for an ensemble of spin 1 particles can be expanded in terms of
the complete set of operators defined in the previous section:

1 3 2
P = 3 {] + §(pxpx +pyPy +pzpz) + _(pﬂﬁypwy +pyZPyZ +prP$Z)+

3 3
1 1
g(p:v:v - pyy)(Pm - Pyy) + §pzzpzz) (3.6)

where the polarization quantity, p;, is the expectation value of P;:
pi = Tr(pP;). (3.7)

Using the fact that:

Pzz + DPyy + D = 0 (38)
sz + Pyy + Pzz = 03)(3 (39)
the last two terms of the density matrix expression can be written in the form:
1 1 1
6<pmm - pyy)(P:m: - Pyy) + §pzzpzz = g(pmmpmm +pnyyy +pzszz> (31())
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The beam polarization in the projectile helicity frame

Various production schemes for polarized deuteron beams produce different types of
polarization. All schemes, however, produce beams with axial symmetry. It is convenient
to take the axis of quantization along this axis, so that all but two tensors vanish, and
to denote this coordinate system by X, Y, Z, where Z is along the quantization axis
(thus pz=N;+N_; and pzz=N;+N_;—2N; are non-zero, where Ny o are the fractional
populations of the mg = 41 and 0 states) and X and Y are arbitrary. Therefore, only four
quantities are needed to describe such a beam: two angles to determine the direction of the
quantization axis in space, the rank-one polarization, pz, and the rank-two polarization,
pzz (pxx and pyy do not vanish but because of the axial symmetry they are determined

by the relation pxx = pyy = —%pzz)-

X

@ K out
\ :/
/‘ > gpinaxis(S)
B

Z

Figure 3.2: The Madison convention coordinate system.

Scattering or reactions induced by spin 1 particles can be best described in the
projectile helicity frame, the Madison convention coordinate system [Mad71] represented
in figure 3.2. In this coordinate system, the axis of quantization (z axis) is taken along
the direction of the projectile motion, k;,; the y axis is taken along the k;, x K., where
k.. represents the direction of scattered particle or reaction product motion; and z is
chosen to form a right-hand coordinate system. Unit vectors along the x, y, z directions
are referred to as P, 1, k.

Let S be the natural quantization axis of the incident polarized beam. This axis
can be described in the projectile helicity frame by the angles § and ¢, such that:
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where [ is the angle between S and k;, and ¢ is the angle between the projection of S on
the z, y plane and the y axis. One can therefore obtain the polarizations in the projectile
helicity frame (py, py, Dzs Dazs Pyys Przs Day, Dy- and py,) from the polarizations defined in
the reference frame of the natural quantization axis of the incident beam (pz and pzy)
through the angles # and ¢ (see appendix D).

For measuring polarizations in the outgoing channel, one defines the 2/, v, 2’ coor-
dinate system similarly with 2’ along its momentum, k,,;; v’ still along k;, X k,.;; and 2’
again chosen to form a right-handed system.

3.2.2 Form of the observables for T—i—% — g—k 0

The initial state is composed of a projectile of spin S, = 1 and a target of spin
Sy = %, and therefore it is a direct product of a spin 1 and a spin % space, thus the spin
function of any initial state can be described, with respect to a particular z axis, in terms
of a six-component column vector. Using the uncoupled representation for the initial state

we can write
6
Xi = Zaj<bj (313)
j=1

where ¢; = X11X11, Oy = X10X 11, ¢z = X1-1,X11, Gy = X11X1-1, ¢5 = X10X1-1 and
P = X1-1X1 1. The X1, are the eigenfunctions of the spin 1 operator S, and X1, are

the eigenfunctions of the spin % operator o,.

The final state consists of a spin % and a spin 0 particle, so it can be represented by

2
Xr =Y b (3.14)
j=1

where ¢} = x11 and ¢}, = x1_1.
22 2 2

The jth final state is related to the kth initial state by the Mj; element of the
scattering matrix, when we only consider spin variables:

bj = Z Mjkak
k

ay
5)
N [bl} _ {Mn My Mz My Mys Mg as

by My, My Moz Moy Mo  Mog Qy
as
Qg

(3.15)
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When we describe the whole wave functions in the entrance and outgoing channels, this
matrix is in fact the scattering matrix of elements Appsar w,r, (6, @) defined in eq. (1.52),
corresponding in this case to the elements shown below:

Al 1 Al 1 Al 1 Al 1 Al 1 Al
A0, ¢) = ) lo,11 ) 10,01 ) lo,-11 ) 0,1—1 ) 10,0-1 ) lo,-1-1 (3.16)
, .
1 1 1 1 1 1 1 1 1 1 1 1
—301ly =300 “P=30-15 P=301-5  T=300-5  T—50,-1-3

Density matrices for the initial and final states

The 6x6 and 2x2 density matrices that describe the initial and final states are
defined, respectively, for an ensemble of N particles:

N
1 n_mn *x
(Pi)jx = NE a;ay (3.17)

n=1
N

1 *
o)k = ~= > _bibp (3.18)
N

n=1

The initial and final density matrices are related by

pr=MpM* (3.19)

As in (3.6), the density matrix for the initial state, p;, can now be expanded in terms
of a direct product of appropriate spin 1 operators and the spin % operators I, 0., o, and
0.. Using the notation oy = I, 01 = 04, 09 = 0y and 03 = 0, and the normalized spin 1
operators defined previously in (3.5), one obtains:

1
pi=7g jzkwjkajUk (3.20)

where w; and p; are the expectation values of the operators €); and oy respectively:
wj =< ; > and p, =< o >. If the spin % particle is unpolarized, py=1 for k=0 and
pr=0 for k=1, 2, 3, so that

1

Cross-section and outgoing polarization components

If p; is normalized to unity, the differential cross-section for a polarized beam is
given by:

1(6,¢) = Tr pj = é > w; Tr(MQIMY) (3.22)
J
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where 6 is the scattering angle. If the beam is unpolarized so that

1
=1 3.23
pi=g (3.23)
this reduces to
1
Iy(0) =Tr py = éTr(M]M’L) (3.24)

To calculate the polarization of the scattered particles, we first notice that py/Trps
is normalized to have trace unity so that

<oy >="T1Ir (pfo-k/)

Pk =
Trps
2w Te(MQIM  oy)
> wTr(MQ; M) (3:25)
or
Tr(MQ;IM* oy
et (6.6) = o) (22 R0 ) (3.20

Suppressing the unit matrix I in the trace expressions and using eq (3 10) the previous
expressions can be written in compact form, corresponding to eq. f [GomO1], a;

1(0,¢) = Io(0) <1+;ij Z p]kA]k> (3.27)
pl/I(H, gb) = I( (Pl/ Zp]Kl + Zp]k ) (328)

where A;(0) and A;;(0) are the analyzing powers

A;(6) % (3.29)
I ik +
Ap(0) = —TT(?{A];M]%) (3.30)

Py (0) the I'th component of outgoing polarization which would be produced by an unpo-
larized beam

TI‘(MMJFO'l/)

B0 = =5

(3.31)

and K jl»' and K ]l'k are the polarization transfer coefficients that relate the initial polarization
component to the final polarization component
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TI'(MPjM+O'l/)

K!(0) T (3.32)
Kh(0) = Tr(éf (];Z“Aj\j:)al') (3.33)

Parity conservation and rotation invariance allow the simplification of expressions
(3.22) and (3.26). Choosing coordinate frames with y, ¢’ along k;,, X Ky, parity conser-
vation requires that an observable vanish unless n,+n, is an even number, and rotational
invariance requires an observable to be odd or even function of 6 as n,+n, is odd or even
(n; with ¢ = x, y, or z refers to the number of times i appears in an observable nota-
tion). Thus the expressions for the observables reduce to the form given in the following
equations, where terms odd in the scattering angle, 6, are underlined

3 2 1 1 1
3 03 2 2
pm/[ = [0(51733[(1 + iszz + gpxnyy + gpyzKyz) (335)
3 / 2 / 1 /
1 | /
+ gpnygy + ngZng> (336>

while, because of symmetry, p./ is analogous to p,s with 2’ — 2.

From eq. (3.34), using egs. (3.10) and (D.6—D.11), one can write the observables as
a function of the one- and two-rank polarization, p; and pzz, and the angles 3 and ¢.
For the cross-section one obtains the expression:

2

3 2
H0.0) = [ L+ 3 A00) + 5piehesd) = Slpic = p) A0

1 1
= I {1 + g sin 3 cos ¢ pzﬁ(ﬁ) —sin 3 cos B sin ¢ pzzAL.(0)
+ % sin® 8 cos 2¢ pzzA,,(0)

+ 3(3 cos> B — 1+ sin® 3 cos 2¢) pZZAZZ(H)} (3.37)
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3.2.3 Observables for 6=0°

After obtaining the cross-section and outgoing polarization as a function of analyzing
powers, outgoing polarization produced by an unpolarized beam and polarization transfer
coefficients, one should obtain the relations between these last ones, and the elements of
the M—matrix, the scattering amplitudes. We start by writing the M—matrix in terms
of a product of the 3x1 matrices and the Pauli operators. Since each of the zero-degree
observables depend on a relatively small number of scattering amplitudes, thus allowing
a relatively unambiguous determination of the properties of these elements, we calculate
the M—matrix for the 6=0° case and obtain the form of the observables at 0° degrees.

The M—matrix

The 6x2 M—matrix of (3.15) can be written quite generally in terms of a direct
product matrix of the form

M= > G+ ) Cixlo (3:38)
1=x,Y,2 'i::/c,y}z ,
J=x5Y 2

Note that each term is a 6x2 matrix, as required; the ™ are the complete set of spinors
in the 3x1 space, I the 2x2 unit matrix and o,/, 0,/, 0,/ the Pauli operators. Assuming
parity conservation we can write

M = Ax; I+ Bx, oy + Oxfow + Dxjo. + Exfow + Fxiow (3.39)

since all the other 6 terms vanish (n,+n, is odd). The terms underlined are odd functions
of 6 (n,+n, is odd).

In this formulation there is freedom to choose the z, v, z and 2/, 3/, 2’ coordinate
systems differently as long as they share a common y axis along k;,, X k. If the z, y, 2
and z’, 3/, z/ are chosen to be the same, the scattering matrix assumes the simple form:

—iA—D F —tA+D —B-C E —B+C
M= p% E e _dip _F M2 (3.40)
V2 V2 V2 V2

The observables for §=0°

The rotational invariance of the scattering matrix implies that the quantities A, D
and E are odd functions of €, and therefore at 0° A=D=F=0. Furthermore, since at
0° no preferential transverse direction is defined then B=C'. In this case the scattering
matrix takes the form

—2B
M = o 2(1)9 vz
00 % 0

0 0

F oo (3.41)
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With the M—matrix at 0°, a straightforward evaluation of the traces in the equa-
tions (3.19) and (3.24-3.26) relevant for the calculation of the observables (3.29-3.33) can
be done, yielding the results

6y = 4|B|> + 2|F)? (3.42)
6IgA.. = 6IhA,, = = —2|B]*+2|F| (3.43)
6I0A.. = 4|B|> —4|F)? (3.44)
6IKY = 6L KY = 4Re(BF™) (3.45)
6IKL, = —6I,KY. — 6Im(BF¥) (3.46)
6I,K7 = 4Re(|B]?) = 4|BJ? (3.47)
6IKZ, = —6Im(|B*) =0 (3.48)

All the remaining terms are odd terms in 6 in equation (3.29-3.33) and therefore are zero
at 0°. In this set of non-vanishing observables, there are only three independent ones.
These can be chosen as Iy, A,, and Kg', and the others can be written in terms of these
as:

A =  —1A,., = A, (3.49)

K* = KY (3.50)

K = 3(1-A,) (3.51)
, / 5 \?]?

Ko = —KY = |[(1—Ay,)(1+24,,) - (f{g) ] (3.52)

With the previous relations the 2 amplitudes in the M—matrix, corresponding to
3 real numbers since one relative phase factor can be chosen arbitrarily, can be written

as B = |B| and F' = |F|e® and are determined as functions of the three independent
observables
IF|? = Ip(1+24,,) (3.53)
BE = I(1- Ay (3.54)
31 KY
¢ = arccos . (3.55)
2|B||F|

3.3 Experimental data

The *He(d,p)*He reaction has been investigated since the early days of accelerators
to study various nuclear phenomena [Kra87], and therefore the amount of information
available, makes it an ideal first step in the testing of new approaches to nuclear reaction
modeling, which is ultimately the objective of this work.
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Particular attention has been paid over the years to the measurement of polariza-
tion observables [Bro66, Bit90, Gei99, Fle02]. Polarization effects are very small in N-N
scattering, however, in few-nucleon systems polarization observables can increase by one
or two orders of magnitude. The complexity of the structure of few-nucleon systems with
A>3 is increased by the existence of resonances and the measurement of polarization
observables allows to detect in an analysis of the data the tiny effects of the underlying
interaction [Bit90] and, in what concerns us more in this work, to disentangle the resonant
contributions to the reaction mechanism from the direct process.

In recent studies Geist et al. [Gei99] obtained precise measurements of vector and
tensor analyzing powers, and of total and differential cross sections at several energies
up to 1 MeV, and Fletcher et al. [Fle02] measured the polarization transfer K¥ (0°) at
E4=0.52, 0.89 and 1.49 MeV.

In chapter 4, new experimental results for the cross section and A, tensor analyzing
power observables of the *He(d,p)*He reaction at a scattering angle of § = 0° will be
presented, allowing the calculation, for the first time, of all the linearly independent
elements of the scattering matrix at § = 0° from eqs. (3.53-3.55).

The new measurements, together with the experimental data of Geist et al. [Gei99],
the Kgl(O") measurements of Fletcher et al. [Fle02], and elastic differential cross section
of Jenny [Jen79], constituting 25% of the available data in the energy range E; < 1MeV,
are analyzed with a hybrid R—matrix 4+ potential model in chapter 5.






Chapter 4

New Measurements

In this chapter new experimental results for the cross section and A,, tensor
analyzing power observables of the 3He(d,p)*He reaction at a scattering angle of § = 0°
are obtained, complementing the existing KZ’(OO) data [Fle02]. As shown previously, from
these results one is able to calculate all the linearly independent elements of the scattering
matrix at = 0°, through egs. (3.53-3.55). Moreover, the new tensor observable measured,
being very sensitive to the reaction process, provides an excellent tool to test a theoretical
study of the mechanism of the reaction.

4.1 Experimental study of the *He(d,p)*He reaction

In this section we describe the experimental setups, procedures and data reduction
used to determine the tensor analyzing power, A,,, and cross section values at zero degrees.
The experiment was performed in the 61-cm-diameter scattering chamber at the Triangle
Universities Nuclear Laboratory (TUNL) using the FN Tandem accelerator.

4.1.1 A,, measurement

The A,, analyzing power at § = 0° was measured with a polarized deuteron beam
incident on a *He gas cell target. The setup is shown schematically in Figure 4.1.

The gas target was a 2.54 cm diameter cell with a 6.3 pm Havar-foil cylindrical
window. This cell was filled with *He gas and the pressure (1 atm for runs at E4 = 0.52
MeV and 2 atm for runs at E; = 0.89 and 1.49 MeV) monitored to be constant during
the experiment.
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Figure 4.1: Experimental setup used in the A,, measurement.

The polarized deuteron beam was obtained from the atomic beam polarized ion
source (ABPIS) [Cle95] at TUNL via a three polarization state method with fast state
switching [Gei98]. During the measurements the beam current on target ranged from
100 nA to 200 nA, depending on the energy.

Three silicon detectors were positioned inside the chamber, a central detector (la-
beled C) at # = 0° and the others at 10° left (L), and right (R), from the 0° detec-
tor. Consecutive runs at the deuteron energies of interest were intercalated with runs at
Eqs = 4 MeV to determine the tensor beam polarization p...

The beam current was integrated from the gas cell and a tantalum foil in front of the
0° detector. Calculations with SRIM [Zie00] were performed to obtain the beam energies
corresponding to the mean reaction energies at the center of the gas cell. This procedure
was also used for the self supported targets described later in Section 4.1.2.

For the determination of the analyzing power, A,,(0°), the normalized yield Y" for a
detector in the ith polarization state is determined by normalizing the number of reaction
counts collected in that detector and state to the charge collected. These yields also
include a correction for dead-time in the data acquisition system. A value of i=0 is used
to represent the unpolarized state.

For this measurement, the alignment of the spin quantization axis is perpendicular to
the reaction plane, in the direction of the y axis (figure 3.2). The left detector corresponds
to (0 =90°, ¢ = 0°), while the right detector to (6 = 90°, ¢ = 180°). From eq. (3.37) one
obtains therefore [Gei99]:
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1(6,0°) Y} 3 1,
= —<==14+-p.A,+-p..A 4.1
[0<9) Y[(,) + 2]9;; Y + 2pzz vy ( )
1(6,180°) Y 3 1,
ot = R C2p A+ —p A 4.2
[0<9> Y]g 2]9;; Y + 2pzz vy ( )

Y, and Yy denote the yields for the left, Y (6,0°), and right, Y (6, 180°), detectors respec-
tively, and p’_ is the beam polarization in the sth polarized state. From (4.1) and (4.2)
we obtain the expression for A,,(6)

_Yi/YP A YR/ YR -2

A, (0 _ 4.3
vy (0) o (4.3)
which at 6 = 0° corresponds to
2(YL/Y2 —1

Ay (0°) = Are/Ye - 1) C/p < ) (4.4)

where the subscript C' denotes the central detector.

The beam polarization was calculated from the 4 MeV runs from eq. (4.3):

/Y YR/YE -2 (15

p,zzz - o
Ayy<10 )

where A, (10°) = 0.818+0.004 is the value obtained from Bittcher et al. [Bit90]. During
the experiment, the on target beam polarizations were determined to be stable for both
polarization states. The average of the magnitudes of the two polarizations was 75%.

The final values, given in Table 4.1, are the averages of both spin states.

4.1.2 Cross section measurement

The cross section at § = 0° was measured in inverse kinematics with a *He beam
incident on a deuterated carbon target. The setup is shown schematically in Figure 4.2.

The self-supported deuterated carbon targets were produced using the plasma-
assisted chemical vapor deposition technique with deuterated-methane gas: ferro-type
slides were placed in an evaporation chamber where NaCl was evaporated in order to pro-
duce a thin (approximately 400A) film on the slides; these slides were then moved to the
plasma-associated chemical vapor deposition chamber where they were put between two
electrodes; a small amount of deuterated methane gas was flowed into the chamber while
also being pumped by a mechanical pump; once the pressure equalized, a high potential
was applied between the electrodes until a plasma ignited; the current was then read from
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Figure 4.2: Experimental setup used in the cross section measurement.

the plates until the desired thickness (collected charge) was reached; finally, water was
used to dissolve the salt layer out from under the deuterated amorphous carbon layer,
and this one was separated from the slide and placed on target holders. These targets
have been shown [Gei98] to be stable and to have a slow decrease of deuterium thickness.

To normalize the results to the p — d elastic cross section, the *He runs were inter-
calated with proton runs for the same value of the magnetic field in the analyzing magnet
(at E, = %Ed). The proton beam was obtained from the direct extraction negative ion
source (DENIS). Typical beam currents on target were 40 nA for the proton beam and
70 nA for the *He beam.

Three detectors were positioned inside the chamber, two fixed detectors (monitors)
at 45° and 55° (detectors 2 and 3 respectively), and a central detector (detector 1),
positioned at # = 0° for the *He beam and sliding to 30° when running with the proton
beam. In this way, one avoids radiation damage of the detector during the proton runs
and is able to avoid solid angle corrections.

During the *He runs beam current integration was performed from the target and
a tantalum foil in front of detector 1. During the proton runs the current was measured
from the target and a Havar foil that slid rigidly with the central detector and was located
at 0°.

The differential cross section at 0° for the *He(d,p)a reaction, o(0°), is determined
using:
AQ,, Q Ny
oy = Sim ¢ 4
710 = o, gy o) (46)
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where Q' and @) are the collected charges obtained during ®*He runs and proton runs re-
spectively, and N® and N? are the dead-time-corrected integrals of the counts in the «
peak and proton elastic peak respectively. The subscripts denote the detectors, as shown
in Figure 4.2, and m refers to the detector used for p-d elastic scattering. The elastic
p-d cross section, o¢(6,,), is obtained from Kievsky [KieO1]. These calculations, which
have been shown to be in excellent agreement with experimental data in this energy
range [Woo02, Bru01], use correlated hyperspherical harmonics (CHH) to calculate the
continuum wavefunctions [Viv98] corresponding to a realistic Hamiltonian consisting of
the Argonne V18 two-nucleon [Wir95] and Urbana IX three nucleon interactions [Pud95].
A Kohn variational principle is used to determine the scattering matrix elements. Equa-
tion (4.6) is applied to consecutive *He and proton runs, assuming that the target thickness
does not change during these runs.

For E; = 1.49 MeV, one can use detector 1 for p-d elastic yields; thus m = 1,
0 = 30°, and the ratio of solid angles in equation (4.6) vanishes. However, for the lower
energy the scattered particles are absorbed by the foil in front of detector 1. The ratio of
solid angles A, /A, is then obtained from the proton runs at E, = 1.68 MeV using:

AQ,  Npoa(30°)
AQl a N{) Jel<9m)

(4.7)

The angles in Equations (4.6) and (4.7) are laboratory angles.

The final values, given in Table 4.1, are the average of the values obtained from
normalizing to different detectors.

Table 4.1: Values of measured A,,, cross section and KZ’ at 0° and of calculated scattering
amplitudes (errors quoted include statistical errors only). The amplitudes |B|? and |F|*
have dimensions of cross section (mb/sr).

E; (MeV) A, (0°) o(0°) (mb/sr) Kg/(Oo)1 | B|? |F|? ¢ (degrees)
0.52 0.47 £0.02 54.9 £0.72  -0.68%£0.03 35.5 £0.7 9.7 £0.4 180.0 £10.1
0.89 0.35 £0.02 319 £04 -0.67£0.05 18.1 0.4 6.9 £0.2 162.9 9.7
1.49 0.32 £0.03 18.8 £0.4 -0.62£0.05 10.3 £0.3 4.3 £0.2 151.7 £11.3
Uncertainties

To estimate the systematic errors introduced in the analyzing power measurement by
the uncertainties in the reaction energies and gas leaking effects in the target, SRIM [Zie00]
calculations were performed. The systematic errors in the A,, values associated with the
uncertainties in the reaction energies are 2.2%, 2.1% and 0.9% for E; = 0.52, 0.89 and
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1.49 MeV, respectively. Furthermore, it was found that 5% uncertainty in the gas pressure
during a run corresponds to a 0.5% systematic error in the values of A,, obtained in this
experiment. Also, the systematic error in the value of A,,(10°) obtained from Bittcher
et al. [Bit90] corresponds to a 0.5% systematic error in the values of A,,. The systematic
error associated with the angular acceptance introduced by the collimators was found to
be negligible (less that 0.1%).

Detector position, energy loss in the target and beam motion effects were found to
be the main sources of systematic uncertainties involved in the determination of the cross
section. The errors in the detector angles were determined, through the peak positions,
to be accurate within 0.25°. Based on angular dependence data [Gei99, Bit90, Kie01], the
systematic errors associated with the positions of the detectors were found to be 0.9% and
1.1% for E4 = 0.89 and 1.49 MeV, respectively. Based on a previous experiment [Gei98],
the upper limit to the systematic errors in the cross section values introduced by the
uncertainties in the reaction energies is 2%. Horizontal 3 mm beam motion effects were
found to introduce a 2.9% systematic uncertainty in the cross section value at E; =
0.89 MeV. The systematic error in the cross section values associated with the angular
acceptance introduced by the collimators was found to be negligible.

4.2 Scattering amplitudes

As we saw in section chapter 3, in some cases, when the number of independent
polarization observables is sufficient, the experimental data can be used to obtain infor-
mation about the M-matrix amplitudes. This is the case for the scattering angle 8 = (0°,
where no preferential transverse direction is defined and M must be invariant under rota-
tion along the z axis. The two amplitudes (three real numbers) that determine completely
the scattering matrix can be calculated from the three measured quantities, KZ', A,, and
the cross section, which are linearly independent observables. From egs. (3.53-3.55) we
can write:

e = 20104, 0) (45)
= M4, 0) (49)

o(0°)KY (0°)

(4.10)
2 |B||F|

¢ = arccos

The experimental results obtained in this work, together with recent measure-
ments [Fle02] for the K?y/ (0°) observable, which relates the polarization of the outgoing
reactant with the projectile polarization and is defined as
(p)

"o 2pZ
Ky (0°) =3

=3,0 (4.11)
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where p(Zd) and p(Zp) are the vector polarization of the deuteron beam and outgoing proton

respectively, allow the determination of all the scattering matrix elements at § = 0°. The
results are given in Table 4.1.

From the KZ/ (0°) measurements Fletcher et al. [Fle02] concluded that the reaction

mechanism is dominated by the %+ S-wave resonance in °Li at E4 = 0.430 MeV with no
sizeable non-resonant contributions at deuteron energies below 1 MeV. In fact, the results
are consistent with the predictions of a pure S-wave resonant behavior of KZ'(OO) = -

%. The same model predicts iTy; = 0 and Ay, = _%TQO — /3Ty = 0.5. Although the
measured result for A,,(0°) at E; = 0.52 MeV is consistent with that prediction, at higher
energies, E4 = 0.89 and 1.49 MeV, the discrepancy is of the order of 30%), suggesting that
the reaction mechanism is not purely resonant. This conclusion is also supported by T,
vector analyzing power measurements of Geist et al. [Gei98], who obtained positive iT1;
inconsistent with zero for E; < 1 MeV. These results reveal the importance of negative

parity contributions in the entrance channel.

4.3 Conclusions

New measurements of the A, (0°) and o(0°) observables of the *He(d,p)*He reaction
were taken at E4 = 0.52, 0.89 and 1.49 MeV, complementing the existing Kz/(()o) data at
those energies. These measurements allow, for the first time, the determination of all the
linearly independent scattering matrix elements at 0°.

In order to calculate the remaining scattering amplitudes necessary to describe the
3He(d,p)*He reaction observables at all angles, and to determine the relative importance
of direct and resonant mechanisms, it is necessary to develop a model that extracts this
information from the available experimental data. This is the focus of the next chapter.






Chapter 5

Analysis of the *He(d,p)*He reaction

In this chapter we analyze the experimental results obtained in the previous chapter
along with vector and tensor analyzing powers, total and differential cross sections [Gei98],
polarization transfer [Fle02], and elastic differential cross section data [Jen79] for the
3He(d,p)*He reaction in the energy range E; < 1 MeV. We start with the assumption
of a reaction mechanism dominated by the broad J™ = %Jr S-wave resonance in °Li at
Egy = 0.430 MeV, and analyze the rank zero observables with DWBA, coupled channels,
and a phenomenological R—matrix model, comparing the three approaches. We then
introduce the iTy;, Ty, and KZ’(OO) data and analyze the complete set of experimental
results with the coupled channels and the phenomenological R—matrix models. The
prediction of these models for the vector analyzing power observable, iT;, leads to the
introduction of negative parity contributions to the reaction mechanism and motivates
the adoption of a hybrid R—matrix-+potential model.

5.1 Analysis of the rank zero observables

In this section we focus on the analysis of rank zero observables of the 3He(d,p)*He,
total and differential reaction cross section, and elastic differential cross section. We
analyze the data with three distinct approaches: DWBA, coupled channels, and a phe-
nomenalogical R—matrix model. These calculations include the effect of the dominant

3

J™ =35 resonance only, corresponding to matrix elements M3z—Ms of Table 3.1.
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5.1.1 DWBA and coupled channels analysis

The DWBA and the coupled channels analysis were performed with the code FRESCO
developed by Tan Thompson [Tho88] and upgraded with y? minimization using the
MINUIT routine [Jam94], SFRESCO [Tho04]. The results are shown in Figures 5.1—5.2.

The coupled channels calculation is done in the post form, which corresponds to
solving eq. (1.8). The transfer coupling necessary for the analysis of the He(d,p)*He is
introduced in appendix C, and the post form of the coupling interaction corresponds to
eq. (C.3). The potentials used are the following: the entrance channel, U;(R;) in the
notation of appendix C, is a sum of a central Woods-Saxon potential with projectile
and target spin-orbit, and spin-spin terms; the p-n potential that binds the projectile
(deuteron) in the initial state, V{z:s);(r;), is a Reid soft-core potential [Rei68]; the *He-p
exit channel potential is the sum of a Woods-Saxon potential with a target spin-orbit
term; and the *He-p “core-core” potential used in the calculation is chosen to be the same
as the exit channel potential. The parameters of the entrance channel potential are left as
adjustable parameters in the calculation; the values obtained from the analysis are shown
in Table 5.1.

Whereas in the coupled channels calculation the effective imaginary potential is
obtained exactly from the transfer couplings, in DWBA analysis the imaginary potential
that accounts for the loss of flux from the elastic channel is fitted by the search procedure.
In this analysis we choose to fit only the depth of the imaginary potential. The parameters
of the entrance channel potential obtained from the fit, including the imaginary potential,
iW, are shown in Table 5.1. The expected value of the spectroscopic amplitude is vV CS? =
V2 (two ways of removing a neutron from the alpha particle), however the values in this
work were 1.52 and 1.99 for the DWBA and coupled channels analysis, respectively.

model | potential | depth | radius | diffuseness
\Y 87.9 1.23 0.25
DWBA | iW 4.4 0.70 0.40
VSOp 0.1 0.4 0.01
VSOr 14.0 1.90 0.95
Vss 9.7 2.58 0.97
\Y 72.5 1.01 0.09
CC VSOp 6.2 0.73 0.09
VSOr 12.0 1.90 0.90
Vss 11.7 291 0.98

Table 5.1: Potential parameters obtained from DWBA and coupled channels fits to the
3He(d,p)*He rank zero observables. The values of the spectroscopic factor obtained from
the DWBA and coupled channels analysis were 1.52 and 1.99 respectively.
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Figure 5.1: Results of the fits to *He(d,p)*He total reaction cross section data of Geist
et al. [Gei98] with DWBA and coupled channels fits, where S— and D—wave contributions
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Figure 5.2: Results of the fits to *He(d,p)*He differential elastic (right) and reaction cross
section (left) data [Gei98, Jen79] with DWBA (full curves) and coupled channels (dashed
curves) models, where S— and D—wave contributions to the %Jr resonance are considered.
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5.1.2 Phenomenological R-matrix analysis

The code SFRESCO [Tho04] was updated to include the capability to perform two-
channels multilevel R—matrix analysis, explained in detail in chapter 2 and appendix B.
In this analysis the rank zero observables were studied with a simple two-channels 1-level
model, where the energy of the R—matrix pole, the S—wave contribution to the J™ = %+
resonance, and the exit channel width were all fitted to the experimental data. The
channel radius was set to a = 5 fm.

The results for the total and differential reaction cross section and elastic differential

cross section are shown in Figures 5.3 and 5.4. The resonance parameters obtained from
1 1

this analysis are: E;=0.186 MeV, %(10):0.407 MeV?2 and %(,2):0.208 MeV?2 (corresponding

to observed 1"&0):0.009 MeV and FI(,Q):O.361 MeV, obtained from eq. (2.32)), where the
superscripts (0) and (2) in indicate the partial wave to which the widths refer to, S— and
D—wave, respectively. The values obtained from the compilation of Tilley et al. [Til02] are
Eq=0.23 MeV, I'4=0.134 MeV and I',=0.055 MeV, where the particle widths are defined
by (2.31). These are significantly different form the values obtained in this work, but this
much is expected since the values of this compilation are obtained with a much larger set
of levels and more partial waves (the total width, I" is simply the sum of partial widths
[ =Y, T™). The agreement is expected to improve when we extend the analysis to the
inclusion of the remaining observables.
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- —— R-matrix
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Figure 5.3: Results of the fits to *He(d,p)*He total reaction cross section data of Geist
et al. [Gei98] with the R—matrix model where S— and D—wave contributions to the %Jr
resonance are considered.
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Figure 5.4: Results of the fits to 3He(d,p)*He differential elastic (right) and reaction
cross section (left) data [Gei98, Jen79] with R—matrix model, where only the S—wave
contribution to the %+ resonance is considered.

5.2 Analysis of rank zero, iT|; and T, observables

In this section we include the polarization observables iT; and Ty, in the previous
analysis. We study this set of observables with a coupled channels and a phenomenological
R—matrix model.

5.2.1 Phenomenological R-matrix analysis

An R-matrix analysis where only a %Jr S-wave resonance is considered, like the one
shown in the previous section, predicts values for tensor analyzing powers and K?y/ in good
agreement with most of the measured data [Gei98, Fle02]. However, in this simplified
model iTy; is zero, as shown in Figure 5.5, in clear disagreement with the measurements
of Geist et al. [Gei98]. The resonance parameters obtained from this analysis (analysis I)
are given in table 5.2.

Although the dominant mechanism of the reaction is clearly resonant, being well
described by an R—matrix procedure, positive vector analyzing power data are a clear
signature of other competing processes, namely those related to odd partial waves. In-
deed, the addition of other positive parity contributions in the form D—wave components
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in the %Jr resonance, as reference in the Table 3.1, or background terms, do not improve
the fit significantly or the description of the iTy; observable. The results from this anal-
ysis (analysis II) for the iTy; observable are shown in Figure 5.6, and the corresponding

parameters for the %Jr resonance and background terms are given in table 5.2.
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Figure 5.5: R—matrix results with a %Jr S—wave resonance only for iTy;, Ty, differential
and total cross section measurements of Geist et al. [Gei98].

(0)

2)

(2)

analysis | states | Energy Yq Ya Yp
(MeV) | (MeVz) | (MeVz) | (MeV?)
I 3" 0.19 | 0.407 0.209
mo| 2 0.20 | 0.435 0.216
st 5.0 0.994 | 0.065 | 0.279

Table 5.2: Resonance parameters obtained from R—matrix analysis of rank zero, iT;; and
Ty, observables. The width 722) refers to the coupling {(L = 2,5, =1)j =2,5, = 3} in

the jj coupling scheme used by SFRESCO.
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Figure 5.6: R—matrix results with S— and D—wave contributions to the %Jr resonance

and a %+ background term for the iTy; observable.

5.2.2 Coupled channels analysis

The extension of the coupled channels analysis described previously to include the
polarization observables faces similar problems. The description of the zero and rank two
observables is reasonable with the assumption of a dominant %Jr S—wave mechanism where
D—waves are included, which improves the quality of the fit. However, the magnitude
obtained for the iT7; observable does not match the measured results of Geist et al. [Gei98],
as shown in Figure 5.7. As before, the parameters of the entrance channel potential were
fitted to the experimental data and the resulting values are given in Table 5.3. The spin-
orbit forces are significantly different from the ones of table 5.1, but we should note that
we consider in this analysis a much larger set of observables.

model | potential | depth | radius | diffuseness
\Y 72.6 1.01 0.09
CC | VSOp 31.0 2.10 0.90
VSOr 0.1 0.50 0.10
Vs 11.7 291 0.99

Table 5.3: Potential parameters obtained from coupled channels analysis of rank zero,
iT;; and Ty, observables of the He(d,p)*He reaction. The value of the spectroscopic
factor obtained from the analysis was 1.99.
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Figure 5.7: Results with a coupled channels fit, with S— and D—wave contributions
to the%Jr resonance, to iTy;, Ty, differential and total cross section measurements of
Geist et al. [Gei98].

5.2.3 Introduction of negative parity contributions

The previous analysis shows the deviations from expected S—wave resonant behavior
in the recent measurements of Geist et al. [Gei98|. These discrepancies may be due to L >0
contributions to the reaction mechanism arising from direct transfer processes or tails of
distant resonances. However, the study of the the iT;; observable demonstrates that
D—wave contributions do not improve significantly the description of the iTy; observable.

We therefore expand the previous analysis with the inclusion of %7 and %7 neg-
ative parity contributions, corresponding to the matrix elements Tg—T;; of Table 3.2.
Indeed, the next excited state in the energy level diagram of 5Li is the %_ state at
E; = 2.62 MeV [Til02]. However, the inclusion of this contribution in the phenomeno-
logical R—matrix approach needs to be carefully considered, since adding terms in the
R—matrix without being supported by experimental data amounts simply to the inclu-
sion of a background term. We therefore include these two contributions in the R—matrix

analysis through background terms outside the range of energies considered in the study.
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Figure 5.8: Results with a pure R-matrix fit with a %Jr S-wave resonance, the %7

at E; = 2.62 MeV and a %7 background term for iTy;, Ty, differential and total cross
section measurements of Geist et al. [Gei98].

state

The results obtained with the R—matrix fit with the %Jr resonance, and the %7 and

%7 background contributions, are shown in Figure 5.8. The Ty, and rank zero observables
are still well described, but the predictions for iTy;, although non-zero, do not reproduce
the angular dependence of the data. This behavior however, indicates the strong sensi-
tivity of this observable to negative parity contributions to the reaction mechanism. The
parameters obtained from this analysis are shown in table 5.4

The inclusion of the %_ and %_ negative parity contributions in the coupled channels
formalism requires the solution of the coupled equations through the R—matrix basis.
Only in this approach are we able to remove the contribution from couplings to the %Jr

state that is naturally included with the %_ contribution. We start by determining the
number of basis states necessary for this method to converge to the iterative method used
in the previous analysis. We find that for a channel radius of a=20 fm, 20 basis states
are required for the convergence between the two methods. The results obtained with the
coupled channels analysis, where %Jr, %7 and %7 contributions to the reaction mechanism
are considered, of the rank zero, iT; and Ty, observables are shown in Figure 5.9. The
entrance channel parameters obtained from this analysis are given in table 5.5.
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states | Energy %(lo) %(ll) %(ll) 71(,2) 71(,1)
(MeV) | (MeVz) | (MeV2) | (MeV2) | (MeVz) | (MeV?)

5T 1019 0.407 0.209

- 2.6 -0.951*1 | 0.500% -0.001

: 5.0 -0.871* 0.131

Table 5.4: Parameters from the R—matrix analysis of rank zero, iTy; and Ty, observables,
for the %Jr resonance and the negative parity background terms where *! indicates coupling
to j=1, *? coupling to j=0, and ** coupling to j=2, in the jj coupling scheme.

These results demonstrate that we are unable in the coupled channels approach to
describe the magnitude and the angular dependence of the iT;; observable. Moreover,
the inclusion of the negative parity states worsens the description of the other observables
considered in the analysis.

Conclusions and motivation for an hybrid approach

The analysis presented in this section demonstrates the importance of L >0 con-
tributions, namely those related to odd partial waves, to the reaction mechanism arising
from direct transfer processes or from tails of distant resonances. In particular, the inclu-
sion of P—wave contributions in the phenomenological R—matrix analysis indicates the
strong sensitivity of the iT;; observable to negative parity contributions to the reaction
mechanism. We are however unable to reproduce the angular dependence of the data.

In the coupled channels analysis, the inclusion of %7 and %7 contributions does not
improve significantly the description of the iT;; observable, and significantly worsens the
description of the other observables. An alternative approach needs therefore to be con-
sidered for the analysis of the 3He(d,p)*He reaction. Given the way the phenomenological
R—matrix deals with the resonant contributions, and the capability of the coupled chan-
nels model to calculate explicitly the direct contributions to the reaction mechanism, it is
natural to consider a hybrid R—matrix + potential analysis of the *He(d,p)*He reaction.

model potential | depth | radius | diffuseness
CcC \Y 72.5 1.02 0.09
(R—matrix | VSOp 30.0 2.00 0.80
basis) VSOr 0.1 0.50 0.10
Vss 11.7 | 291 0.98

Table 5.5: Potential parameters obtained from coupled channels analysis of rank zero,
iTy; and Ty, observables of the He(d,p)*He reaction. The value of the spectroscopic
factor obtained from the analysis was 1.93.
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Figure 5.9: Results with a pure R-matrix fit with a %Jr S-wave resonance, the %_ state

at E; = 2.62 MeV and a %7 background term for iTy;, Ty, differential and total cross

section measurements of Geist et al. [Gei98].
5.3 Study of the *He(d,p)*He with the hybrid model

The inclusion of negative parity contributions in the R-matrix framework has been
done before [Til02] and resulted in very large widths, with very large error bars, which are
essential to obtain the correct magnitude of the iTy; observable. It is reasonable to assume
however, based on the analysis of the previous section and the energy level diagram of
Tilley et al. [Til02] that these negative parity contributions arise essentially from a direct
mechanism.

To account for these negative parity contributions we develop a model that takes into
consideration the direct component of the reaction through a potential description [Bra04],
while the resonant contributions to the reaction mechanism are described in an R-matrix
framework. This hybrid model, allows the combination of important features of the R-
matrix theory (the ability to include a large number of states in the analysis) and the
coupled channels model (the capacity to treat the direct contribution explicitly).

In the analysis presented here, we introduce the new measurements obtained in chap-
ter 5 of Ay, (0°) and o(0°), and the recent KZ(OO) measurements of Fletcher et al. [Fle02],
along with the set of observables studied before (rank zero, iT; and Ty, observables).
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In the hybrid model, the dominant J™ = %Jr resonance is introduced through an
R-matrix pole, and all the negative parity contributions to the reaction mechanism are
obtained through a fitted potential. To improve the quality of the fits we also include i+

9
%Jr and g+ background poles at energies above E; = 3 MeV. The results of this model for

the iTy; observable at the energy closest to the %Jr resonance are shown in Figure 5.10.
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Figure 5.10: Comparison between the hybrid model results for the iT;; observable at
E;4=424 keV and the results obtain with previous R—matrix fits which included the J™ =

+ . . . . . .
% S—wave resonance only and a combination of this resonance with negative parity

contributions from %_ and %_ states.

The improvement in terms of the description of the iT;; observable is significant.
With this hybrid R-matrix + potential model we are also able to describe success-
fully [Bra03] the vector and tensor analyzing powers, and the total and differential cross
section data for the *He(d,p)*He reaction at the whole energy range measured by Geist
et al. [Gei98]. The results obtained for all these observables are shown in Figure 5.11.
The parameters obtained from this fit are given in tables 5.6 and 5.7.

model potential | depth | radius | diffuseness
CcC \Y 60.0 0.87 0.61
(R—matrix | VSOp 0.68 0.53 0.04
basis) VSOr 0.04 0.50 0.10
Vss 13.0 2.00 1.05

Table 5.6: Potential parameters obtained from the hybrid analysis to rank zero, iTiy,
Ty, and polarization transfer observables of the 3He(d,p)*He reaction. The value of the
spectroscopic factor obtained from the analysis was 0.87.
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Figure 5.11: Hybrid model angular distributions for iTy;, Ty, differential and total cross
section measurements of Geist et al. [Gei98].

(0)

2)

() ()

states | Energy Ya V4 Ya Yp Yp
(MeV) | (MeVz) | (MeV?) | (MeV2) | (MeVz) | (MeV?)

57 o024 -0.334 0.043

i 3.0 0.053 | -2.052 -0.040

3t 3.0 -0.817 | 0.071*! | -0.154*3 | -0.057

740 5.931*2 0.145

Table 5.7: Parameters obtained from the hybrid analysis to rank zero, iTy;, Ty, and
polarization transfer observables of the 3He(d,p)*He reaction, where *! indicates coupling

to j=1, *2

coupling to j=2, and ** coupling to j=2, in the jj coupling scheme.
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The predictions of this model for the energy dependence of A,,(0°), ¢(0°) and
KZ/ (0°), shown in Figure 5.12, are also in good agreement with the experimental data. The
hybrid model results for Kz/(()o) are —0.69 and —0.68 for 0.52 and 0.89 MeV respectively,
in excellent agreement with the measurements of reference [Fle02]. It is known [San74]
that if the reaction proceeds by a direct mechanism and only the S-state of the deuteron is
considered, KZ'(OO) = + % The inclusion of the deuteron D-state lowers this result, but
it will still be positive. This feature is clearly seen in the data shown in reference [Fle02]
in the energy region where the direct process dominates. The results obtained for the spin
transfer coefficient with this model are therefore particularly interesting because they al-
low us to conclude that values of Kz/(OO) close to —% can still be consistent with a mixed
mechanism of the reaction. Furthermore, the strong sensitivity of this observable to the
direct mechanism sets a limit on the amount of mixing.
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Figure 5.12: Hybrid model results for the energy dependence of A, (0°), ¢(0°) and KZ’ (0°).

This analysis indicates that direct process contributions to the reaction mechanism
should not be neglected as they compete with the resonant mechanism through P and
F—waves in the entrance channel [Bra03], accounting for up to 15% of the total cross
section in the energy range below 1 MeV.
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5.4 Conclusions

In this chapter we applied the phenomenological R—matrix model and the coupled
channels model to the analysis of the 3He(d,p)*He reaction. These analyses show the
importance of L >0 contributions, namely those related to odd partial waves, to the
reaction mechanism arising from direct transfer processes or tails of distant resonances.

Faced with the problems of the description of the iT;; observable, which is strongly
sensitive to P—wave contributions in the entrance channel, we adopted a hybrid treatment
of the *He(d,p)*He reaction mechanism.

With this R—matrix + potential model, that accounts for both resonant and di-
rect mechanisms by combining R-matrix poles and a potential description, we were
able to successfully describe the rank zero, iTy;, Ty, and Kz/(OO) reaction observables.

The parameters for the dominant %Jr resonance obtained by the hybrid analysis were
Eqs = 0.24 MeV, %(lo) — —0.334 MeV2 and %(,2) = 0.043, which correspond to observed
widths of FEZO):O.2O9 MeV and I'?’=0.046 MeV, obtained from eq. (2.32). These values

are very close to the ones quoted by Tilley et al. [Til02] (E4=0.23 MeV, I';=0.134 MeV
and I',=0.055 MeV)

We conclude that a consistent description of the different polarization observables,
vector and tensor analyzing powers, and spin transfer coefficients can be achieved by
assuming that the reaction proceeds by a mixed mechanism where the dominant resonant
component competes with a non negligible direct component.
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Chapter 6

R—matrix analysis of the “N(p,7)1°O
reaction

The “N(p, )0 is the slowest reaction in the CN cycles and as such plays a crucial
role in the energy production of main sequence stars. However, as most other reactions
relevant to astrophysics, the reaction cross section in the Gamow window cannot be
determined experimentally and has to be obtained from extrapolation of experimental
data.

Presently the main set of experimental data published on this reaction is the work

of Schroder et al. [Sch87]. In this work, the transitions to the 3 ground state, the

%7 state at E,=6.18 MeV, and the %Jr state at E,=6.79 MeV were found to yield the
main contributions (more than 95%) to the astrophysical S-factor (see Figure 6.1 for the
level diagram of 30). Using a Breit—Wigner fit, with the direct contribution calculated
explicitly from a Woods—Saxon potential, these authors obtained an astrophysical S-

factor of S(0)=3.10+0.34 keV.b.

In a recent work, Angulo and Descouvemont [Ang01] reanalyzed the Schrioder data
using an R—matrix model, and calculating explicitly the external contribution to the
reaction mechanism and the asymptotic normalization constant. In this work they
obtained an astrophysical S—factor of S(0)=1.7740.20 keV.b. This significant discrepancy
with respect to previous results has been the reason for most of the recent work on this
reaction, including the two experiments under way at the Triangle Universities Nuclear
Laboratories (USA) and the LUNA collaboration [LUNO04]. These experiments focus on
the energy range below E, < 0.2 MeV and the results are expected to reduced significantly
the level of uncertainty of the 1*N(p, )10 S-factor at astrophysical energies. They should
not, however, make the need for the extrapolation of experimental data to the Gamow
peak redundant, and this is one of the reasons for the study presented in this chapter.
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Figure 6.1: Energy level diagram for °0.

6.1 R-—matrix analysis

In this section we consider the data of Schroder et al. [Sch87] for transitions to the
1+~ ground state of O, the 3~ state at E,=6.18 MeV, and the %+ state at E,=6.79
MeV. We analyze these data in the framework of the phenomenological R—matrix theory
described in chapter 2, examining the contributions to the transition amplitudes from the
%+ and %+ states of 150 at (figure 6.1 for the energy level diagram) E = —0.504, 0.985
and 2.187 MeV (not shown explicitly in the diagram) and E = 0.259 and 1.446 MeV,

respectively.
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The spin and parity of the target and projectile ground states are ST = 11 and

+ . . . + + .
Sy = % , respectively, which correspond to a channel spin of S™ = % or % . The reaction

mechanism for the transition to the %7 ground state and the %7 state at E,=6.18 MeV

is therefore dominated by the E1 process corresponding to S—wave radiative capture.
For transitions to the %Jr state at E,=6.79 MeV the reaction mechanism is dom-
inated by the E2 process corresponding also to S—wave radiative capture (possible M1
contributions are not considered in this work). However, E1 process contributions arising
. . . . 1— 3— 5—
from direct capture (DC) or low energy tails of high lying 5, 3 or 5 resonances may
contribute through P—wave radiative capture.

6.1.1 Radiative capture cross section in the R—matrix formal-
ism

In the case of radiative capture cross section, o,,, one can remove the sum over S’
of eq. (2.30) and write:

1 2
~ = 2
(i)
E,—F
T
Opy = — = 6.1
Py kzz) JSZLL/ 97 1 L,‘} R ( )

with the energy dependence of T aw(E) and r xy(E) defined by the penetrability, eq. (2.31):
Pu(B) = 2P, (6.2)
) 5,0\ 2t
Iy(E) = 292 ( ——L 6.3
we) = 2%, (5=5) (6:3)

where L and L., denote the dependence of these quantities on the relative angular momen-
tum of the entrance channel and the multipolarity of the radiation; and Ey is the energy
of the final state [Azu94, Bra00]. In eq. (6.3) we used a relative definition of penetrability,
normalized to unit in the position of the pole, F; this definition will be discussed later
in this work.

For the “N(p, )0 S—wave radiative capture, equation (6.1) takes the form:
1

= —omLy=1(2)) 2
(Pkzo0k'®)

2. Ey—E

)\/

- (igrs )
S E\—F

T
k2 1— LY Ry,

oy (E1(2)) =

(6.4)

+
O =~

[N V]
<) 2

1= L9 Ry
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for E1(2) cross sections, respectively. The first term in (6.4) corresponds to summing A

- . -
over J© = % states and the second term to summing N over J™ = % states.

6.1.2 Results and discussion

The results obtained for the astrophysical S—factor corresponding to capture to the
ground state, E,=6.18 and 6.79 MeV states will be shown in figures 6.2—6.4, respectively
(black curves represent the overall result and colored curves the contributions from the
individual states and the background). In the fitting procedure the channel radius was
chosen to be a=6.5 fm, and the boundary condition used corresponded to the shift function
at the position of the subthreshold state at E = —0.504 MeV, which allows us to fix
the energy of this state at the experimentally observed value. The fitting is reasonably
insensitive to the channel radius.

Table 6.1: Values for the resonance energies, formal proton and y-widths at the position of
the pole, and square root of reduced widths, from the R—matrix fit. The energies quoted
correspond to the experimental values, and the proton widths for the subthreshold state
and the background poles are simply the reduced proton widths, fyg.

Transition J™ Ey (MeV) 7, (MeV?) T, (keV) =, (MeVz) I, (eV) interference

gs. &7 0.259 0.071 0.02  0.0002  0.036 —~
3.0 0.805 648  0.0026 7.0 -

3T 0.504 0.412 170 0.0005  0.263 +

0.985 0.063 32 0.0004  0.165 +

2.187 0.167 66 0.0027  7.077 +

4.5 0.933 871 0.0021 4.4 +

6.18 MeV 17 0.259 0.071 0.02  0.0009  0.850 +
1.446 0.022 0.79  0.0006  0.376 —

3.0 0.805 648 0.0004  0.141 +

3T 0,504 0.412 170 0.0001  0.008 -

0.985 0.063 32 00001  0.010 —~

4.5 0.933 871 0.0048 23.0 +

6.79 MeV 17 0.259 0.071 0.02  0.0006  0.313 +
T 3.5 8.4 3.3x107 0.0425 1813 +

7 3.5 2.4 x107° 0.02  0.0004  0.196 —~
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The overall agreement between the R—matrix model and the data is very good,
however, the total x? per degree of freedom is 14.7. This is essentially due to a set of
experimental points on the resonances that are not accurately described by the theoretical
curve, since there are no horizontal error bars on the experimental data. The removal of
these 11 points (7 on the ground state capture, 2 on the capture to the E, =6.18 MeV
state, and 2 on the capture to the E, =6.79 MeV state) lowers the total x? per degree of
freedom to 9.3.

The resonance parameters corresponding to the best fit to the experimental data
are shown in table 6.1. Particularly important in this table is the y—width value of
the %Jr subthreshold state at E,=6.79 MeV, due to the sensitivity of the low energy
astrophysical S—factor to this value. Schroder et al. [Sch87] obtained I';, =6.3 eV, however,
the analysis of Angulo and Descouvemont [Ang01] gives the width I", =1.7540.60 eV.
Recent experiments on the properties of this state by Yamada et al. [Yam04] and Bertone
et al. [Ber02] obtained T, =0.41%3%3 eV and T, =0.95%052 eV, respectively. The result
obtained in this work, fv =0.263 eV, although not consistent with the value obtained from
R—matrix analysis of Angulo and Descouvemont [Ang01], is in good agreement with the
recent experimental results [Yam04, Ber(2].

Capture to the ground state (%_)

1

In the analysis of the ground state capture S—factor we use the J™ = §+ state at

E=0.259 MeV and the J™ = %Jr states at E= —0.504, 0.985 and 2.187 MeV. To account
for contributions from direct process or low lying tails of high lying resonances we include
two background poles, J™ = %Jr and %Jr above 3 MeV.

In the context of this model the proton fp and gamma widths fﬂf of these states are
adjustable parameters and the values corresponding to the best fit are given in Table 6.1.
As already mentioned, the values obtained for the parameters of the subthreshold state,
713 = 170 keV and fv = 0.263 eV, are in reasonable agreement with the values obtained
by Angulo and Descouvemont [Ang01] (v2 = 140 keV and I, = 1.75 eV) and other
works [AS91, Yam04, Ber02]. For the other %Jr states the values obtained (T, = 3.2 keV

and f’,y = 0.165 eV for the E=0.985 MeV state, and fp = 66 keV and f,y = 7.08 eV for
the E=2.187 MeV state) are also in good agreement with the values referenced in other
works [Ang01, Sch87, AS91].

For the %Jr state at E=0.259 MeV the values obtained in this work, f‘p = 0.02 keV

and fv = 0.036 eV, are significantly different from those obtained by Angulo and Descou-
vemont [Ang01] (T, = 1 keV and I, = 1.6 x 1072 V), which may be explained by the
different interference sign obtained.
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Figure 6.2: S-factor for radiative capture to the ground state of ®O. The full curve
represents the total S—factor, the dotted curves the contributions from the individual
resonances, and the dashed curves the contributions from the background poles.

Given the boundary condition used, the energy of the subthreshold state is fixed to
the value obtained from literature [AS91, Ang01]. The resonance energies are fitted to the
experimental data. The values obtained in this work for the two %Jr resonances at £=0.985
and 2.187 MeV are E=0.990 and 2.220 MeV respectively. The fitted resonance energies
for the %Jr states at £=0.259 and 1.446 MeV are E=0.262 and 1.449 MeV respectively.
Fitting the energies considerably improves the result of the fitting procedure and results
obtained are within 1% of the values quoted in the literature [AS91, Ang01].

The value obtained for the S—factor at astrophysical energies, S(0)=0.17 keV.b, is
a factor of two larger than the one obtained by Angulo and Descouvemont [Ang01] but
within the confidence interval quoted in this work (S(0)=0.08"0%s keV.b), and signifi-
cantly different from the one obtained by Schréder et al.[Sch87] (S(0)=1.55 keV.b). This
reflects the uncertainty of the low energy experimental data and emphasizes the need
for new and more accurate experimental data. Indeed, based on the available data, the
R—matrix procedure and the S—factor obtained are very sensitive to the parameters of

the subthreshold state and the %Jr resonance.
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RC —> 6.18 MeV
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Figure 6.3: S—factor for radiative capture to the E,=6.18 MeV state. The full curve
represents the total S—factor, the dotted curves the contributions from the individual
resonances, and the dashed curves the contributions from the background poles.

Capture to the E, =6.18 MeV state (37)

In the analysis of the capture to the E, =6.18 MeV state we used the J™ = %Jr
states at E=0.259 and 1.446 MeV, the J™ = 3% states at E= —0.504 and 0.985 MeV, and

2

the background poles, J™ = %Jr and %Jr above 3 MeV.

) The values obtained for the y—widths of the subthreshold and E=0.985 MeV states,
I, =0.008 and 0.010 eV respectively, are in reasonable agreement with the results from

Angulo and Descouvemont [Ang01] (I, = 5.0 x 107 and 4.0 x 1072 eV respectively).

For the y—widths of the %Jr resonances at E=0.259 MeV and 1.446 MeV we obtain
f‘y =0.850 and 0.376 eV. The fitted proton width of the E=1.446 MeV is fp =0.79 keV.
These values are significantly different from those obtained by the analysis of Angulo and

Descouvemont, [Ang01] (T, =42.0 keV and T, =0.11 eV for the E=1.446 MeV state, and
I, =2.0 x 1072 eV for the E=0.259 MeV resonance).
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Figure 6.4: S—factor for radiative capture to the E,=6.79 MeV state. The full curve
represents the total S—factor, the dotted curves the contributions from the individual
resonances, and the dashed curves the contributions from the background poles.

The value obtained for the S—factor at astrophysical energies, S(0)=0.04 keV.b,
is 30% smaller than the one obtained by Angulo and Descouvemont [Ang01] but again

within the confidence interval quoted in this work (S(0)=0.06"003 keV.b).

Capture to the E, =6.79 MeV state (%Jr)

The analysis of the capture to the E, =6.79 MeV state was performed with the

JT = %Jr state at E=0.259 MeV, and two negative parity background poles, J™ = %_ and
3—

JT =35 above 3 MeV to simulate the E1 process arising from direct contributions and
low energy tails of high lying negative parity resonances.

The value obtained for the y—widths of the E=0.259 MeV resonance, f‘y =0.313 eV,
differs significantly from the one obtained by the R—matrix analysis of Angulo
and Descouvemont [Ang01], which consider the contribution from negative parity states

through a potential model (I, = 1.0 x 1072 eV).
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The value obtained for the S—factor at astrophysical energies, S(0)=2.21 keV.b,
is 35% larger than the one obtained by Angulo and Descouvemont [Ang01]
(S(0)=1.63£0.17 keV.b). This discrepancy is also related to the way the background
contribution for the capture to the E, =6.79 MeV state is treated. Later in this work we
introduce a potential description of this background and attempt to clarify this issue.

Total S—factor

The analysis performed in this chapter reveals that the contribution from capture to
the E, =6.79 MeV state dominates the astrophysical S—factor at zero energy. The total
S—factor at astrophysical energies obtained in this work, S(0)=2.42 keV.b, is 36% higher
than the value obtained by Angulo and Descouvemont [Ang01] (S(0)=1.77£0.20 keV.b).

6.2 Conclusions

In this chapter we applied a phenomenological R—matrix model, introduced in chap-
ters 1 and 2, to the analysis of the radiative capture reaction N(p,v)*O and the deter-
mination of its S—factor at energies relevant in astrophysics.

The total S—factor at astrophysical energies obtained in this work, S(0)=2.42 keV.b,
is significantly higher than the value obtained by Angulo and Descouvemont [Ang01],
although both studies used the experimental data obtained by Schroder et al. [Sch87].
This results from small differences of the fitted properties of the resonances and the %Jr
subthreshold state, and is a consequence of the uncertainty of the low energy experimental

data.

An important feature of this study, often used in R—matrix analysis [Ang01], is
the introduction of background poles to account for the contributions arising from direct
capture (DC) or low energy tails of high lying resonances. Indeed, as can be seen from
figures 6.2—6.4, the contribution from these background poles in the R—matrix is certainly
non-negligible.

The explicit treatment of the direct contribution is important to clarify the interplay
between the two reaction mechanisms, resonant and direct, and reduce the ambiguity in
the fitted properties of the resonances or subthreshold states considered in the model
space. This effort is the motivation for the hybrid treatment that will be introduced in
chapter 9. However, before the introduction of this model, it is important to study the
formalism that allows the treatment of photonuclear processes in the coupled channels
framework. This is the objective of the following two chapters.






Chapter 7

Standard formalism for radiative
capture reactions

In this chapter we derive the general formalism for the calculation of radiative cap-
ture reaction rates, proceeding via both electric and magnetic processes. We study the
radiative capture process with a two body approximation for the particle+target system.

The transition rate between an initial state |¢ > and a final state |f > is given by
Fermi’s golden rule of time-dependent perturbation theory [Fis88, Gre95]:

2 )
Wy = f| < flHinli > [Ppy (7.1)

where p; is the density of final states for the system and H;,, is the interaction Hamilto-
nian. We derive detailed expressions for the cross section of electric and magnetic radiative
capture. We start by introducing the elements necessary to calculate the transition rate
(initial and final state wave functions, interaction Hamiltonian and density of states) and
proceed to calculate the matrix elements for electric and magnetic transitions, and fi-
nally the cross sections. We calculate the electric transition rates from the interaction
Hamiltonian using the Siegert theorem and the long wavelength approximation (LWA).

7.1 General definitions

For emission of radiation we have for the initial and final states:

[i> = |®y(t),0 >= [@) M o 0 > (7.2)
Byt
f> = |Vs(t), ku >= gt e_ZT{,ku> 7.3
f Js

since these are stationary states; where kyu are the photon wave vector and polarization,
and F; and E; are the energies of the initial and final state respectively, with £; > Ef.
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. . e . M;, My, M
We consider transitions between an initial scattering state, ® o5 S ‘. and a final

bound state, \If%f . These are defined in the jj coupling scheme. The possibility of inelastic
excitations of particle and target is considered.

Bound state

In a general way, the bound state formed with in a particle+target system can be

described by, using the notation for the set of quantum numbers oy = {(Ly, S, )jy, S) )

M " 72 i " "
U5 > = > (L Sy My Ljgmy) (jpmy, S, My | Ty My)
sy M, .S, M
Jrmyp Ly
[if (T wif‘(R) M, M,
Y, (R) 7 Xs (rl,...,rp,l)xsé, (Tpi1y s A1) (7.4)
i (R
= Sy S Lot (7.5

1 .
Sp S i Ly

where Q/Ji; (R) and YL“ff (R) correspond to the radial and angular parts of the wave function
respectively, Jy is the total angular momentum of the bound state, Ly is the relative
angular momentum between particle and target, and R the relative coordinate. The y
are the wave functions of projectile and target including spin and depend on the their
internal coordinates; this dependence is included in the ket of the above expression and
is denoted by the subscript r; ,—; and superscript rp;1 4-1.

As explained in chapter 1, the nucleon coordinates {ri,...,r4} can be written as
{r1..r,-1,R,, rp11..14_1, R} where R, and R, are the e¢m coordinates of the projectile
and target respectively. R, and R; can in turn can be written as R = R, — R; and R,
(the Jacobian of the transformation is 1) corresponding to the relative coordinate and
the ¢m coordinate respectively; in a reference frame centered in the ¢m the R, is zero.
Integration with respect to the {rj...r,_1,rp11..r4_1, R} coordinates will be denoted by
the subscript ri4 or by dry4.

Scattering state

Generally, the scattering state between an incoming particle and the target can be
expanded in partial waves with relative angular momentum L;, and therefore using the
notation for the sets of quantum numbers oy = {(L;, S,)j:, S;} and «; = {(L;, S;)j;, S}
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M;, My, My dm , 4
|¢Ji75’p75’t ky > = Z k_(Li,uiaSpMpUimi)(]imiaStMt|JiMi)
Lipisgimi ¥
eTn Y (k)@Y (R) (7.6)
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47T - - o A
- ) 7 (Liptis SpMpljimi) (jimi, Se M| JiMi)e® YL (k)
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raly o rp+1,A—1 ) ¢iz7ai(R)
Z [(L;S),)7::5 JiMy > ,20 " i — (7.8)
Li5i:8p:5,

A

where (bi, . (R) and YL“,(R) correspond to the radial and angular parts of the scattering

wave function respecti\;ely, and x are the wave functions for projectile and target spin
that, like before, depend on their internal coordinates with this dependence included in
the ket; prime indicate quantities after the interaction while unprimed indicates quantities
before the interaction; because of rotational invariance the coupling does not change total
angular momentum and therefore J; M; are the same before and after the coupling.

Interaction Hamiltonian

In (7.1) H;y is the Hamiltonian for the interaction between radiation and mat-
ter [Eis88, Gre95]:

Hp = — . /j(r,t) - A(r,t) dr (7.9)

where j(r,t) and A(r,t) are the nuclear current and electromagnetic field operators.

The A(r,t) matrix element between the photon vacuum and a one photon-state is

Oh
<kulAr, 0> = C\/J—Ve;eﬂk”wt (7.10)

where the €, are the unit vectors that indicate the polarization of the field.
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There is a degree of arbitrariness in the definition of the vector potential from the
electric and magnetic fields, since Maxwell’s equations are invariant to the introduction
of any scalar function which is called a gauge transformation. The freedom implied by
this invariance means one can choose a set of vector and scalar potentials vector potential
that fulfill a gauge condition. A useful gauge is the so-called Coulomb or transverse
gauge, V.A = 0, yielding the transverse nature of the electromagnetic field. By aligning
the momentum k with €3 we are left with only two independent polarization directions
i = 1,2 both fulfilling €,.k = 0. Then

27T fz r+iw .
- / &r I ()i, )[0(8) ey, (711)

Density of states

The final state involves a discrete state or narrow resonance of the nucleus combined
with a photon state of given energy, F = hw = hck, but variable direction, so that the
density of available states in determined by the photon energy [Gre95]. The density of
final states is therefore

Vok?

E) = ———dQ) 7.12
o) = Gt (712)
where d€), is the solid angle into which the photon is ejected. Inserting eqs. (7.12)

and (7.11) into (7.1), the transition rate is

2

‘ / Pr < Ui, ) Di(t) >, - €fe ™ T Ay (7.13)

Wi = 5rhe

Multipole expansion

By assuming that the time dependence of the matrix element of the nuclear current,
which describes the current density in the nucleus, exists only through the wave functions,
one can write

(Ep—Eyt

. M . iy Py t —t
< Wi, O)|Pi(t) > = < Wy [i(r)| @) > ¢ : (7.14)

In Fermi’s golden rule the time-dependent phase of the matrix element vanishes to ensure
energy conservation. By combining the phases of the nuclear states and the photon
operator one obtains the condition for photon emission

E;— FE)t
z% +iwt=0 & Ey=EFE—hv (7.15)
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and the transition rate (7.13) becomes

2

/ dr < Uy i) @) 5 > ge ™| Ay, p=£1  (7.16)

k
2mwhe?

Wre—y =

where we changed €, to the system of spherical basis vectors, §,,, with & along k, and
&4 corresponding to circularly polarized photons.

Using the well known expansion of the plane wave into fields of good angular mo-
mentum [Eis88, Gre95|:

A(I‘) — éueik.r
= w2y V2L +1i"DL,(6,0,0) [AL,(r; M) +inAL(r;E)]  (7.17)
Lv

where 6 and ¢ are the polar and azimuthal angles that describe k; we can write (7.16) as

k
2mwhc?

Wi M

/ d*r pv2r Y V2L +14i"D},(4,6,0)
Lv

) 2
< Wyl () @5 > (AL (M) + ipAL, (n B))| d%  (7.18)

where the explicit expressions for Ay, (r; F) and Ay, (r; M) are in terms of Bessel functions
will be written bellow.

A multipole field is a solution of the free-space Maxwell equations which is an eigen-
function of the square and one component of the angular momentum, and of the par-
ity [Blab8]. Thus the potentials in a multipole field must be irreducible tensors of rank
L with definite parity. The parity is determined by the parity of the magnetic field H.
A multipole field is an electric field if the parity of the magnetic field is (—1)* and a
magnetic field if the parity of the magnetic field is (—1)%*+1.

Now, we consider the vector spherical harmonics which are simultaneous eigenfunc-
tions of L, and L*=L3+L>+4L?. For each value of L*=L(L+1) with L >1, there are three
kinds of vector harmonics, corresponding to A\ = L, L+£1:

1

Y = > (wv—m, Im|Lv)YY (0, 0)¢,, (7.19)

m=—1

where 1 corresponds to the spin of the photon. The vector functions Y7, y have parity
(—1)*. Since the scalar spherical harmonics Y4~ form a complete set for scalar functions
and the &, a complete set of basis vectors for the spin, the vector spherical harmonics are
also a complete set, and any vector field A(r) can be written as a linear combination of
the Y7, ,(0,¢) with coefficients which depend on the radial coordinate r only. The three
independent vector fields are therefore:

jL<kT)Y21,L(f)a jL71<kT)YZ1,L—1(7A’)v and jL+1(k7’)Y21,L+1(7A’)
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From these one can build the fields of good parity, Ay, (r; M) and Ay, (r; E) with
parities (—1)% and (—1)%*! respectively:

Ap,(r; M) = jL(kT)YZLL(f)

\/ﬁ Ljp(kr)Y[(7) (7.20)

)
Ap(r;E) = cra jL—l(kT)YZLL—l(f) + Cr+1 jL-i-l(k:T)YZl,L-H(f)

L+1 L . .y R
= oL + 1 Jr— 1(k3T)YL1L (7)) — oL+ 1 ]L+1(kT)YL1,L+1(T)
—1
= —— V x (Lj.(kr)Y/ (7 7.21
e VX L) (7.21)

where the coefficients ¢y, are determined from the transversality condition for the field,
V.AL,(r; E) = 0 [Eis88, Boh69]; and L = —ir x V is the orbital angular momentum
operator.

From the gradient formula (E.9) and egs. (E.11) and (E.11) one can also obtain the
expression for the longitudinal component of the field (since V.Ap,(r; Long) #0):

AfriLong) = 1V (i(bnYE ()

/L y ) [ L+1 5 .
= 2L+ 1 Jr— 1(k3T)YL1,L—1(7”) + 2L—|—1 ]L+1(k7”)YL1,L+1(TX7-22)

where the coefficients guarantee the condition V x Ay, (r; Long) = 0 [Eis88].

7.2 Matrix element for EL transitions

The matrix element relevant to the calculation of electric transitions of a specific
multipolarity L is, from (7.18)

M (E) = V2rL ZLHZD (¢,0,0) / &Pr < \If%f @)@ 5 >, AL(riE)

(7.23)

where we have made the additional assumption that k is aligned with the z direction; and
= +/2L + 1. The nuclear current is made up of a convective part and a magnetization
part [Eis88]:

Mg . M;, My, M,
< i)y, 5 >
1+ 7, eh My M;, My, M, Mpx\ = M;, My, M,
C [ e (va) - () o]

eh .
v EKZ-VZ- x [ R ngtMt} } §(r — ;) dry...dr (7.24)
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where 7,; is the Z—axis component of the isospin operator of the ¢ nucleon, and the
operator 1+ =i projects onto the proton states; K; is the empirical magnetic moment for
protons and neutrons, K, = 2.79 and K,, = —1.91; and m; denotes the mass of each
nucleon. The first term, the convective part, dominates electric transitions and can be
simplified by using the Siegert theorem in the long wavelength approximation, while the
second term, the magnetization (spin dependent) part, has to be calculated explicitly.

The convective term and Siegert theorem

For many radiating systems the wavelength of the emitted radiation is much larger
than the typical length scale of the system in question, kr << 1. As the nuclear radii are
typically less than 10 fm, this corresponds to energies

197
E = hck =~ (197 MeV.fm)k << 1—90

Under this condition, and as a result of the behavior of the Bessel functions of small
arguments, the second terms in eqgs. (7.21) and (7.22) are much smaller than the first

. _ (kn)F Jraa(kr) (kr)?
E S Greon T Ga0m S eheneits - (7.25)

and one can simplify the radiation fields:

20 MeV

Q

A B) ~ ([0 AL Long) = 19 (Gu(kn)¥y () (7.26)

and write the convection part of the electric L multipole matrix element as:

. 2t (2L+1
M, = - \/ ZD (¢,6,0)

M sC MivaMt - v/
[ < W IR 2 Y GuYE () (720)

Using the continuity equation

C < Ao nli> = 0 (7.28)

(where the wave functions of the initial and final state depend neither on r, the fixed
position in space where the density and current density are being evaluated, nor on time)
and by transforming into the Schrodinger picture, one is able to insert the time dependence
of the states explicitly [Gre95]

V< fli(x,t)]i > +

Ve < FOl()lit) > + %< f®)lp(r)i(t) > =0

(B~ By) < flpli > = 0 (7.29)

& Vo< @i~
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and obtain the divergence of the matrix elements of the nuclear current from the matrix
elements of the density operator, which constitutes the Siegert theorem.

With the previous relation and integrating (7.23) by parts one obtains (noting that
(E; — Ey) = hck for photon emission):

Mi_(E) — \/%kz+\/(2L+1z(L+1 ZD (6.0.0)

[drvo<uy |jc(r)|<1>§ff’sf‘§tMt > julkn)YE ()

Vo[RS ZD (6,6,0)

M M; ,Mp,My . U/A
[ <\IfJff|p<r>|<1>Ji,spvst > nYIE) (730)

_ _\/%#C\/@LH ZD (6,6,0)

(kr)*

3 My M;, My, My v
[ <wpmielE > SEvie) (s

where the last step used the expression for the Bessel functions in the long wavelength
limit (7.25).

The magnetization term
Using eq. (7.23) and
4 eh
My om M;, My, M, AJ* M; M, ,M;
< ‘I’Jff lj (r)|q)Ji,sp,gt f>= Z/EKZVZ X f S; (I)JZS 5, O(r —r1;) drig (7.32)
and also eq. (F.1), one can obtain the magnetization part of electric L multipole matrix

element:

kL+1

VL(L+1)(2L + 1)
/d3r {/ |:\I[Mf*s q)]}”sfgtMt] x1; -V (riY! (7)) 6(r — ;) drlA} (7.33)

A
My (E) = \/_LZL+1ZD QS@OZ K,
=1

Due to the dominant effect of the convective part of the nuclear current we will
neglect this magnetization term in the subsequent calculations of electric transitions.
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Transition rate

The density operator can be written in terms of the coordinates of the field sources,
i.e., the elements of the particle and target system, ry, ro, ..., Tra:

p(r) = Z ! +27_Zi ed(r—r;) (7.34)

where A = A, + A; is total number of constituents in the particle+target system.

Using the density operator of (7.34) in (7.31) and integrating over r, one can write
the convective matrix element for electric transitions as

Lk L)L
M (E) = —vamei (2L+1>” \/<2 “z( ) ZD (6,6,0)

"

M, 1+Tzz Y MM, M, M, M,
<><S~ Xg IZ e ri YY) @y 5,8 Xo Xg' >ris (7:35)

where the dependence on the internal coordinates of the particle and target was factorized
from the matrix element through the spin functions, y.

From the transition rate (7.18), and integrating over the photon direction using:
* 47
dQ DDl = = OO 7.36
/ wv 27, | Moy ( )

one obtains the convective transition rate for electric photo-emission of multipolarity L:

Sm(L+1) k!
L[(2L+1)!!]2 h

1% (EL)

M, 1 + T oMy My, My My M,
< Xs” X ” ‘Z = TfYEL(Ti)‘q)Ji,Sp,gt t XS;XS; >1‘1A (737>

where we have also summed over the photon polarization, yielding a factor of 2. The index
p is not a free index, since the Wigner-Eckart theorem (E.12) requires p = My — M;.

Transition operator

The generic form for the electric operator in the long wavelength approximation is,

from (7.37):

A
1 2l ~
QFf = . — UiV (7.39)
i=1
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By changing from c.m. coordinates of the individual constituents to internal and
c.m. coordinates of particle and target (r; = R, + & and r; = Ry + £!), one obtains:

Zp VA
QE; =) (R, +&)'YHR,) + > (R + &) V(R (7.39)
i=1 i=Zp+1

with Z, and Z, the particle and target charges respectively, and Z = Z, + Z;. In (7.39)
we used the first order approximation in the spherical harmonics, eq. (E.6). For the
coefficients of the spherical harmonics we can use the binomial expansion:

L
L _ L L L—n¢n
(R+&"=R +Z:1<n RVm¢ (7.40)
With (7.40) into (7.39) one obtains:

QB = ZpR£Y£<ép>+Z(Z(L)R§%&f)“) V(R

T+ ZRYER) - Y (Z(L)Rf‘"(ff)") VAR (7.41)

n
i=Zp+1 \n=1

It is important to note that the odd powers of £ in this expansion average out to zero, so
that the expressions for the F'1 and E2 transition operators simplify substantially:

QE" = Z,RY!R, + Z,RY!'(R) (7.42)

Zp
QEy = ZpR;%Y;(Rp) + Z(&zp)QYQ}L(Rp)
i=1

+ ZRIYE(R) + Y (6)°YH(Ry) (7.43)

i=Zp+1

Indeed, since the set of low lying states of a compact nucleus are almost always of the
same parity there are no odd power couplings between these states.

Using the transformation of c¢.m. coordinates of particle and target to relative co-
ordinates, R, and the properties (E.1) and (E.2) of the spherical harmonics, one obtains
for the previous expressions:
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QE' =  2,"MRYMR) — 2z 2 RYY(R)
= mR {é — é} Ylu(R) (7.44)

0BF = mR [—M(—l)?—%} YE(R)

+Z(£§’ PYS(Ry) + Y (€)YS(Ry)

i=Zp+1

= QEY(R)+QE(p) + QE;(1) (7.45)

where m, and m, are the particle and target masses, respectively, and m is the reduced
mass of the system. In general, the main part of the electric transition operator has the
form:

amyR) = wirt |2y v
= Cp RF Y/M(R) (7.46)

The matrix element

From egs. (7.5), (7.8), and (7.37), and considering only the main part of the inter-
action (7.46), one obtains for the matrix element

ll //

M M, My, M, M, M,
<XS~ X /f W QEL(R)I® 5, 57 X' Xg' >ria

SP
47 _ .
- k_ Z Z el (R ) <Lilui7SpMp‘jimi><.]imi7StMt|JiMi>
S"S Afo z“zhmz
z zSPS
J i (R
M;, Ly|J ;M Jrry 9 (R)
CL (Jz iy M|Jf f) /R2 1/} f( >RL Qi dR

J; R R

1" 173 !
Tpt1,A-1

M) M M, M,
< XS" XS// |XS XS >1‘1 ,p—1
< (LyS,)irSe s JrMgIYL(R)I(L3S,) ;8 JiMi >g (7.47)
where we have used the Wigner-Eckart theorem (E.12) to obtain the reduced matrix

element from the matrix element. Working out the reduced matrix element in terms of
Racah algebra, eqs. (F.2—F.4), this can be written as:
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1" 1" ! /

M, M M M;, My, M, M, M
<Xs’g) Xs’f v f|QEu(R)‘(I)J Spgt ‘ > XS;pXSt’t >1‘1A

47T ) .
= 'L YM (Li,uiaSpMp‘jimi) (]imiastMt‘JiMi)
]foLz/""L]'Lm'L
Ly.d;

gy ¢ (R)

Oy, (J; My, Lu|Jy My) / R? oy )RL S 4R
R R

Ji G gy L L, Ly(—1)Sesisibivky

g b Ly L L;
WGLig s S0 WEiiLgigs (555 (7.48)

7.3 Matrix element for ML transitions

The matrix element for magnetic transitions of specific multipolarity L is, from (7.18)
My_i(M) = pVorL i Z DL, (6,0,0) / d*r < Wy (o) @)t > A (v M)
(7.49)

Using the nuclear current from (7.24) and eq. (F.5), one obtains for the convection current
contribution to the magnetic L multipole matrix element:

ok"
L(L + (2L + 1)!!

A

1+ i €l

Mji(M) = —a/orL i3 DL6.0.0) 3 S
i=1

/ &Pr { / (U5 L@y 5 M) -V (rfYE (7)) O(r — 1) drlA} (7.50)

Analogously, using eq. (F.6), the magnetization current contribution to the magnetic
L multipole matrix element is:

h L+1 ke
M = w/2rL "N DL (6,0,005 " L K,
feilM) = p ! Z u(o ;mz L L+ Dl

/ d%{ / (U Mf*s @MY s (rEYY (7)) O(x — 1) drlA} (7.51)
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Transition rate

The transition rate for magnetic photo-emission of multipolarity L is, from egs. (7.18),
(7.37), (7.50) and (7.51):

8m(L+1) KL+

L{2L+1)? &
" 7 , ) 9
M, My M i MMy My My M

Ty(ML) =

with the generic form of the magnetic transition operators:

A
2 eh 147,
My = LV PV G
@M L+1Z_212mic 2 V(T’ L(r))
_ QIuN i Pmass 1 + Tu L -V, (TLYM(f‘)) (7 53)
L+1 & mg 2 0 VR '
A e
~ h .
QM = ; K8V (rEYE (7)) (7.54)
where py = 2}):177;86 is the nuclear magneton and p,,.ss is the mass of the proton. As in

the case of electric transitions, we only use the dominant convective part, @M/, in the
subsequent calculations of magnetic transitions.

Transition operator QM/

From (7.53) one can obtain in the expression for the transition operator in the
two-body model:

Z z
2 mass A mass A
QMY = NN Py gL (YR () + Y P L v, (hfYE () (7.55)

Lo L+1
m m
+ i=1 P i=Zp+1

A more complex derivation of this expression that also yields, like in (7.41), the
intrinsic terms of the transition operator can be done by changing from c.m. coordinates
of the individual constituents to internal and c.m. coordinates of particle and target
(ri = R, + & and r; = R; + &) and noting that in the particle and target terms the
relevant masses are the masses of the projectile and target (consistent with g, = Z, ) 2zess

from [Sam99]):
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Zp Zp+ 2t

2 ch eh
Moo= Tha Li- Vi (riYE (R Li- Vi (rFY) (7,
QM L1\ 2 2mye Vi ( (7“)) + i:;rlthc \Y4 ('r’Z L('r’))
VA
2MN Pmass L(QL + 1) 1 P I N
- L+1 m_p; (R + &) YZ1,L71(Rp+§f)~LRp+£zp
Zp+Zt
L ~
T E Z (Rt + gf) YZLL—l(Rt + &) - LRt—i—&f
i=Zp+1

(7.56)

where we have used the approximation
Vi (rfYE (7)) = VLRL+ )rf VY5 (7:) (7.57)
With the approximation for the vector spherical harmonics analogous to (E.6), and us-

ing (7.40) and

t t
LRp(t)‘f'gf(t) = Ry + fp ) (Pp )—i-pé:())

~ Ry X ppy = Ly (7.58)
one can obtain for (7.56)
2UN Pmassy/ L(2L + 1)

L+1 {mp p
( -1

QM =

2UN Pmass/ L2L+1) ( Z, /m _ -
L+1 —* (Mt) R" 1YZ1L—1(R) Lr
p
Zy rmp\L .
— (DR (T2) R () - Ly
t
Zp L—1
1 L—1 ) )
+ m—z ( ( n )RL ' (£P> ) L1 L71<7’1) Lp
P =1 n=1
Zp+2Zt L—1
1 L—-1 —1-n n ~
t o (Z( )R )Yzl,“m)mt
ti=Zp+1  \n=1
= QM(R) + QMA(p) + QM) (7.59)
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where QM* (R) has the form:

2MN Pmass L(2L + ]-)

QM%<R) = L+1 RV YZLLA(R) -Lg
Zp my L LZt my L
Zr (2 — (=) (2
e G = e ()
2 mass >
e 5, (14710) 1
L Z m L
P t ("
e G) - o ()
o QMN Ly 1 m
= Ve (R y! (R)) Ly C” (7.60)
with
Z. A
CF =  Pmass mL {mLZjH - (_1)Lth:_1} (761)
p

The matrix element

Considering only the first term of the interaction, @M% (R), from (7.60) and the
wave functions for the initial and final states from (7.5) and (7.8), one obtains for the
matrix element in (7.52):

" 7
M. M, M M;, My, M, M M
P t f 1 3y Vip, IVI¢ +
<Xg' Xg7 ¥y, |QML(R)‘(I)JZ~,SP,S,5 X/ Xg' >ria
t P
47

-~ Z Z €'t YM (Liﬂiv SpMpUimi)(jimz‘a Sy M| J; M;)
S” S” j f Z /""L -71 mz
L;, ]Z S S

Ji
2uin . (M Lyt M) / 2 () o 90 ()

RL
L+1 Jf R R

dR

7
Tpt1,A-1

M, M,
< Xs” Xs” |Xs xst >t L(2L +1)
< (LySy)jpSy s Myl [YLlL—l(R) 'LR] 1(L;S,)jiSys JiM; >5  (7.62)
where we have used the Wigner-Eckart theorem (E.12) to obtain the reduced matrix

element from the matrix element. Working out the reduced matrix element in terms of
Racah algebra, eqs. (F.7—F.10) of appendix F, one obtains for the matrix element:



92 Standard formalism for radiative capture reactions

// //

M M;, My, M M, M,
<XS~ XSJ Uy QML) 57" > XXy >ra

J5,5p,St
= Z N YR (Lo, Sy Myljima) Gimi, SiMy| JM,)
Jf Lf L;, /""L Jz my
i’ji
J % (R)
2UN  m 2 Ya}(R) L—1¢a§7ai
O O (M Ll ;M )/R R S AR

i (_1)Sp+St—Jz-—Jf—Li—Jf W (G JidsJs: SiL) W(Ligi Lyjss SpL)

2L, + 1) (k — D)k/Li(L] + 1 / / /

(2L; + 1)(k — Dk/Li(L; + )(LfO,L_10|Li0) W(LAL;L —1; L,L) (7.63)
vamr

7.4 The cross section

The cross section for electric (magnetic) transitions is obtained by dividing the
transition rate, (7.37) and (7.52), by the incident flux v:

8m(L+1) K+t

ou(BADL) = L[2L+ D) T

l

// / / 2

' oM =M My My, My M, M
< XS” X " Jff‘QE<M>‘Z + QE<M>L‘q)Ji,Sp,§t ' XSZ)XS/t >1'1A

8m(L + 1) mc? k2R
L{(2L 4+ DI? (he)? &

P

" "

2

/

M M M oo B My My My M, M
<Xt Xt Uy IQEM)] + QE(M) L@ 576 Xo" X' >ria
Sp S, f P Sp v,

(7.64)

With the matrix elements for electric and magnetic multipole operators, (7.48)

and (7.63) respectively, one obtains for the cross section for electric F'L transitions and
magnetic M L transitions:
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8r(L+1) mc® kAL (eCp)? Z

oif(EL) = L[(2L + 1)1 (he)? k3 (25, +1)(25: + 1)

Mp My

I ¢”i (R)
oy, A ~L; 2 @Z)af(R) L 0,0
}\/4w§ Y Y (k)i /R CRES— dR

JpLg Liowidiomi
L;.j;
(JiMi7 LM|Jfo)(Lz‘Mi, SpMpUimi)(jimia StMt|JiMi)

-y Lo Ly L L
W(gidigs g SeL) W(LijgiLyjg: SpL) ( J o OZ)

Ay a A N o ’ 2
Ji ji gy L L Ly(—1)Sp+Sdimlitly (7.65)

8r(L+1) mc® kAL (unC)? Z

M) = Tler T e R @S, + DS D

Mp My
R)

Ji
27 . VI(R) Pl ol
w Y,uz 2 f L—1 PRI
ESDIEDD it [ R e a
.]fo 1/%/lemz
L;.3;

(JiMi, Lyl Ty My ) (Ligti, SpMy|imi) (jima, SeMy| J:M;) (L0, L — 10| L;0)
W(LALfL — 1; LLYW (j; Jijp Jp; SeL) W(Liji Lyjy; SpL) Ji ji iy

2

(—1)SrtSedimds=Lisds (2L 1) (L= 1) (2L +1) VL \/ Li(L, + 1)| (7.66)

respectively.

Summing (7.65) and (7.66) over the angular momentum and spin projections one
obtains finally:

8m(L+1)(2L+1) mc® K2 (27, +1)(2J; + 1)
LI2L+ 1 (hc)? k3 (25,4 1)(25, +1)

;o 1 (R) 7 (R)
o, LZ -1 Ji—L;—Jjr R2 wOéf( RL 0,0 dR
5| 32 et it [ A g

y . /.
Iy | Lijs, L,

N o -~ R . i . / 2
Ji 95 Ly W (5:Jijg g5 SeL) W(Lyj; Lyjg; SpL) (L0, LO|L;0) (7.67)

oif(EL) = (eCp)?
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8r(L+1)(2L+1) mc* kK (27, +1)(2J; + 1)
LI2L+ DN (he)? kK (25, +1)(2S,+1)

Ty ¢’ (R)
oy, L. L o Yoy (R) 11 Yol
S YT it (<) Jf/R R & dR

O'Zf(ML) =

(unCT)?

gLy |Lijs,LLj,
24y @L;+1) (L=1) L VI I(L,+1)
L+1
! / ! ! ! 2
W (jiJijsJs; SeL) W(LijiLyjs; SpL) W(LALsL — 1; LiL) (7.68)

(L0, L — 10|L;0)



Chapter 8

The coupling interactions

In the previous chapter we calculated the cross section expressions for magnetic M L
and electric 'L radiative capture cross sections. In this chapter we will obtain the form of
the photonuclear couplings that allow the calculation of these cross section in the coupled
channels framework. By calculating the coupling interactions we are able to calculate the
cross sections with two equivalent methods: coupled channels and T-matrix. We start,
however, by writing the photon equation from Maxwell’s equations, and justifying the
choice of ¢, = —k% gamma channels introduced in chapter 2.

8.1 The photon equation

Maxwell’s electromagnetic field equations are [Ros58]:

. dr.  1dE

H = 1+ = 8.1
VX c'] * c dt ( )

. 1dH

E = — -2 8.2
VX c dt ( )
VH =0 (8.3)
V.E = 47 (8.4)

where hats indicate real observed quantities. For monochromatic radiation of frequency
w we introduce complex, time-independent, amplitudes. For the field strengths we write:

H,(r,t) = H,(r)e ™" + H(r)e™! (8.5)

B, (r,t) = E (r)e ™ 4+ E}(r)e™t (8.6)
and for the current and charged densities we introduce

Jor,t) = ju(m)e™ + ji(r)e™ (8.7)

po(r.t) = pu(r)e™ + pf(r)e™ (8.8)
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In the following discussion the subscript w will be dropped. Introducing the wave number
k=w/c, Maxwell’s equations became:

VxH = 4§j _ ME (8.9)
VxE = ikH (8.10)
VH = 0 (8.11)
V.E = 4np (8.12)

We can obtain equations for E and H alone by eliminating one or the other of the fields
from (8.9) and (8.10). We get

4

VxVxH — kH = -2V xj (8.13)
C
AL

VxVxE - B — 2Tk (8.14)
C

In a source-free region, the Maxwell’s electromagnetic field equations are:

VxH = — ikE (8.15)
VxE = ikH (8.16)
VH =0 (8.17)
VE =0 (8.18)
Vector and scalar potentials
It is usual to introduce the vector potential A, as implied by (8.3):
H=VxA (8.19)
and with (8.2) we can use a scalar potential ¢, such that
. . 1dA
E= —-V¢p — ——+ 8.20
¢ - —— (8.20)
As before, we can write the vector and scalar potentials as
A(r,t) = A(r)e ™ + A*(r)e™t (8.21)
d(r.t) = Pr)e ™ + ¢*(x)e (8.22)
which allow us to write (8.19) and (8.20) as:
H = VxA (8.23)

E = —V¢ + ikA (8.24)
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The gauge transformation

The electric and magnetic fields are therefore determined by the vector and scalar
potentials. On the other hand, the fields do not completely determine the potential, since
any scalar function S can be introduced such that A, and ¢., defined by

A, = A + VS (8.25
¢, = ¢ + ikS (8.26)

are satisfactory vector and scalar potentials if A and ¢ are. That is, Maxwell’s equa-
tions (8.9—8.12) are invariant to the introduction of the function S, which is called a
gauge transformation. The substitution of (8.25) and (8.26) into (8.9) and (8.10) yields
the following equations for A and ¢

4
VA + KA = —%Tj + V(V.A — iko) (8.27)
V2% = —dnp+ik(V.A) (8.28)

The freedom implied by (8.25) and (8.26) means that we can choose the vector field
such that

VA =0 (8.29)

which is the so-called Coulomb or transverse gauge. From (8.28) we see that the scalar
potential satisfies Poisson’s equation

Vi = —dmp (8.30)

while the vector potential satisfies the inhomogeneous wave equation
2 2 Am, :
VA + kFFA = — —j — 1kV¢ (8.31)
c

The Coulomb or transverse gauge is often used when no sources are present. In
source-free regions, p=0 and j=0 over some part of the space, the vector and scalar
potentials are solutions of the homogeneous vector and scalar Helmholtz equations

VA + KA = 0 (8.32)
Vi + k¢ = 0 (8.33)

Multipole fields

The vector field A(r) can be expanded into a series:

Alr) = > > Al (8.34)

J

[eS) J

0 M=-J



98 The coupling interactions

where each term A%/ (r) is a pure multipole field and is an eigenfunction of the operators

J? and J,.

Since the vector spherical harmonics form a complete set of basis functions, one can
write a pure multipole field as

AY(x) = Y Frr) Y, (8.35)
L=J,J+1

It is useful to define the radial function fr;(r) as

Fry(r) = r7" frs(r) (8.36)
which, in the case of the photon in the exit channel, as the asymptotic form:
fra(r) = 5 3, Hf (k) (for r — o) (8.37)

where S, is the S-matrix and H; (r) the Hankel function. In the case of the photon in
the entrance channel with Ly and Jy, the boundary condition is:

Lngo(T) = %(Hg(kr)aLoLéJoJ - SgJ,LoJo Hy(kr))  (forr— o0) (838)

Photon equation

The time independent wave equation for the A field equation is:
VA + KA = —j (8.39)

for some source term j, which will be discussed in detail in the next section. Using
eqs. (8.34) and (8.35) the wave equation can be written as

S (iR By = (5.40)

L=J,J+1

Acting on the left with Y}, (r) one obtains:

(vywy 20 oy ) (s.41)

where the right side involves an integration over angular coordinates. Using

T e L £10

n (8.41) one obtains finally:
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{d——M—FkQ} fL/J(T) = — <Y%,1(r)|j (842)

dr? 72

By multiplying the previous equation by ¢, = —k—b; (which has the same dimensions
as %, MeV.fm?), one obtains an equation,
d? L,(L/ + 1) T
o o= P ) = — e <01 (3.3

where the left side has the same dimensions as the Schrodinger equation. This allows us
to treat the photon equation on an equal footing with the particle equation in the coupled
channels framework, and is the basis of the next section were we determine the right side
of eq. (8.43) from the expressions of chapter 7.

8.2 Electric and magnetic couplings
From (1.53) one obtains for the case of photons in the final state:

47 Uf T

2
Oif = 73 L
! kZQ v; i e

4 myc? 2J;+ 1 7, 2

B2 ok @85, + D@8 1) | TLis b (8.44)

since the total angular momentum J in (1.53) is J = J;.

On the other hand, the radial integral in the cross section expression (7.67) can be
written as

2
1 k2L+2
E[2L + I {/d) RLH% o )dR}

2
1 ki 7/’ L1
- E{2L+1"/ % PN

— %{/FL(ICR) @Z)Tfmqsi;m(}z) dR} (8.45)
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where the long wavelength approximation for F7(kR) was used. One can therefore write
the radiative capture cross section for electric FL transitions, (7.67), in the form:

i+ 1)@+ 1) 8n(L+1)(2L+1) k mc
(25, +1)(25: + 1) L k3 (he)

oif(EL) = a

1 . PN g ,
’—— /dR FL(kR) Y eniti ji jy Ly (=1)% %795 (L0, LO|L,0)

k —
LypigLidi
Lyj;
, , SIR) ’
Cr Wi JijgJg; SeL) W(Lyj; Lyjy; SplL) fR ¢O}_7ai(R)
1 mc? (2J;+1) 2(L+1)(2L + 1)
= — 2J;+ 1 k
"8 he 25, + DS, + 1) [< r+1) L “

1 . PRI T ,
'_E /dR Fr(kR) Y emiti i jy Ly (—1)% %795 (L0, LO|L;0)

Jy 2

ba; (R)

Cr W(iiigg Iy Si) W(LijiLygy; SpL) =5 ¢i?,ai<R>}

(8.46)

which has the same form as (8.44).
The T-matrix is defined as [Rod67]:

T, - —% / dRF, (kR)S(R) (8.47)

so the source term, S(R), can be written in the form:

AL+DEL+D) 2
L
N et g gy Ly (—1)5 5 (1,00, LO|L0)

s = e+

Jy R
Co W(ihis I SE) WL Ly S,0) Y00 gt () (sa8)

With the source term, S, we can then write the photon equation:

?  L(L+1 . |
Cy { Fieh ( 72 ) g } xe(R) =D Vi (R) ¢ | (R) (8.49)
Ly,
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where ¢, = —k%, and

1
2L+ 1) (2L +1 2
(+)L( +)ak Cy

Z €L, iL; ]Tz{ ]Af [:f (_1)jg_L;_j'f (LfO’L0|L;O)

Lyjg,Liji

Vi = {<2Jf+1)

N . o . ¢é§(R)
Cr W(j;JijsJg; SeL) W (Lyj; Lyjg; SpL) —R (8.50)

is the coupling interaction.

In the case of the magnetic M L transitions, proceeding analogously from (7.68) one
obtains the photon equation:

2  L(L-1 - ,
Cy { T (R2 ) + k2 } Xe(R) =Y 1 (R) qbi;ai(R) (8.51)
L.j!

17

where we have used the LWA for F;_;(kR). The coupling interaction for magnetic M L
transitions is

1
. 20L+1)(2L+1) pun? 5]2
Vi = [(2Jf +1) 7 > Bl ¢,

S g il ity QLD (L) LVE VI
(L+1)(2L +1)

Lyjs,Liji
(—1)~Eis (L0, L — 10]L;0) O

J
1 @Z)ajﬁ (R)

W (i s g3 SiL) W(LigiLyys SyL) W{LALL = 13 LiL) 7 =5

(8.52)

8.3 Implementation

The calculation of electric and magnetic radiative capture cross sections through
the solution of the coupled equations with the coupling interactions (8.50) and (8.52),
respectively, is equivalent to calculating these cross sections with eqs. (7.67) and (7.68).
These two methods were implemented and the results for F1 and E2 radiative capture in
the "Li(p,7)®Be and 2C(«,7)'0 reactions are compared in Figures 8.1—8.4.
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The scattering and bound state wave functions necessary for the calculation of the
cross section from (7.67) were obtained with optical potentials. In order to generate the
bound state the potential depths were adjusted to reproduce the binding energies of the
160 and ®Be ground states, 7.16 and 17.25 MeV respectively; these wave functions were
obtained with the code FRESCO [Tho04]. The same potential radius and diffuseness
were used to obtain the bound state necessary in the cross section calculation through
the coupling interaction (8.50). The potentials used in these calculations are not real-
istic potentials and the cross sections obtained are not intended to reproduce available
experimental data but only to demonstrate the equivalence of the methods.

0.15 - P i

= 7
o 0.14 .
g
_I i
,\L
o 0.13 B
)
(&) i
©
[ ¥t
I 0.12 =
n — Classical method 4
— cC
w 011 ---- P. Descouvemont
- — J. M. Sampaio i

0 0.2 0.4 0.6 0.8 1
E.. (MeV)

Figure 8.1: S-factor for E1 radiative capture in the "Li(p,y)®Be reaction. Comparison
between the results obtained with eq. (7.67) - classical method, with the results obtained
with the coupling interaction (8.50) - CC, the results obtained with Descouvemont As-
trophysica code [Des00] and with Sampaio MSc thesis code [Sam99].

The same procedure was used for the comparison of the results obtained from
the coupling interaction (8.52) and eq. (7.68) for the M1 radiative capture cross in the
"Li(p,)®Be reaction. The results shown in Figure (8.5) are compared with the results
obtained with Sampaio MSc thesis code [Sam99]. To obtain the agreement shown the
S-factor obtained from Sampaio [Sam99] must be multiplied by a factor of 3/2, resulting
from inconsistencies its definition of the reduced matrix element for M1 transitions.
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Figure 8.2: S-factor for E1 radiative capture in the 2C(a,7)'*0 reaction. Comparison
between the results obtained with eq. (7.67) - classical method - and the results obtained
with the coupling interaction (8.50) - CC. Descouvemont Astrophysica code [Des00] does
not calculate this process due to the E1 cancellation effect in the *C-a system [Bra00].
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Figure 8.3: S-factor for E2 radiative capture in the "Li(p,y)®Be reaction. Comparison
between the results obtained with eq. (7.67) - classical method, with the results obtained
with the coupling interaction (8.50) - CC, and the results obtained with Descouvemont
Astrophysica code [Des00].
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Figure 8.4: S-factor for E2 radiative capture in the >C(a,7)'®O reaction. Comparison
between the results obtained with eq. (7.67) - classical method, with the results obtained
with the coupling interaction (8.50) - CC, and the results obtained with Descouvemont

Astrophysica code [Des00].
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Figure 8.5: S-factor for M1 radiative capture in the "Li(p,y)®Be reaction. Comparison
between the results obtained with eq. (7.68) - classical method, with the results obtained
with the coupling interaction (8.52) - CC, and the results obtained with Sampaio MSc
thesis code [Sam99].



Chapter 9

The “N(p,7)!°O reaction with the
hybrid approach

In this chapter we apply the hybrid approach developed previously to the analysis
of the MN(p,7)?O reaction. As noted before, the contributions from negative parity
states are significant in the case of transitions to the excited state of 1°O at 6.79 MeV.
In chapter 6, these contributions were considered through the introduction %_ and %_
negative parity poles. In this chapter these background contributions are treated through

a potential model.

The hybrid model is implemented with the SFRESCO code, however, before intro-
ducing the hybrid analysis of the “N(p,7)!®O reaction, it is important to reproduce the
results of chapter 6 using this code and to introduce the definitions of reduced width,
penetrability and R—matrix as used in this code, which are slightly different from the
ones used in chapters 1, 2 and 6.

9.1 SFRESCO definitions

Particle channels

From egs. (B.16) and (B.17) of appendix B one obtains in the case of entrance and

exit particle channels, where ¢; = —;—; with p; the reduced mass in channel ¢

_ P )
Ry = 2M1a ZE,\—E (9.1)

S fs
Ry = 2,ula ZE;_z (9.2)



106 The “N(p,7)'°O reaction with the hybrid approach

By defining the squared root of the reduce widths as 7} = ’/QZ% f one obtains for the
elements of the R—matrix:

Ry = ;E(A%—)E (9.3)

R = [F2 nyn  _ fa N”% (0.4)
M1 X E)\—E Co X E)\—E

The particle width is defined from the reduced gamma width as

I} = 2P (})? (9.5)

where P; is the penetrability in channel 7.

Gamma channels

As mentioned in chapter 2, in R—matrix phenomenology the constant C,, , is usually
chosen to be C, o = 1. This choice is valid in the weak coupling limit where the reverse
couplings are not used, and is particularly relevant in the treatment of v channels. With
this definition one obtains for the elements of the R—matrix:

~2\2
R - Y00 96
“AZA
- A
Ry = Zﬁ (9.7)
A

which correspond to egs. (2.28) and (2.29), respectively.

In this work, we have used therefore two different definitions of reduced width: the
standard definition of R—matrix phenomenology corresponding to eqs. (9.6) and (9.7),
commonly used in phenomenological fits and used in the N (p,7)®O analysis presented
in chapter 6; and the definition used in egs. (9.3) and (9.4), corresponding to eq. (2.10),
which is used in the code SFRESCO [Tho04]. It becomes necessary therefore to obtain
the relation between the standard definition of reduced widths, used in chapter 6, and the
definition used in the code SFRESCO [Tho04], taking into account the different definitions
for the T—matrix used in the former and in chapter 6.

We consider the case of radiative capture reactions, where 1 = p and 2 = . The
relation between 7, and «, can be found by examining the cross-section expressions for
radiative capture. In chapter 2 we obtained the cross-section for electric radiative capture,
in the weak coupling limit, as a function of the reduced widths:
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L 1,2
Z (2Pp)%7$7«)‘/(273w)é
E,—F
™ A
Opy = — E = 9.8
pYy kg =, gJ 1— Lg Rpp ( )

It is important to note the definitions of penetrability used in this equation. Indeed,
whereas for the particle channel, p, the penetrabilities are calculated according to the
absolute definition of penetrability, which from (1.27) corresponds to

Pp
P = (- 9.9
P <P,,’2 + G;)Rp:a (9.9)

where p, = k,R,, and F, and G, are the regular and irregular Coulomb functions for
channel p, we used in chapter 6 the definition of relative photon penetrability, which will
be denoted as P to distinguish from the absolute penetrability, normalized to unity at
the position of the R—matrix pole, eq. (6.3):

2Ly+1 2Ly+1
P = E-Er (B (9.10)
Ly Ey— E; By — E;

where L. is the multipolarity of the emitted electric radiation (this definition is derived

from the asymptotic behavior of the absolute penetrability, eq. (9.9), later in this chapter).
Egs. (9.8-9.10) were used in chapter 6 in the analysis of the 1*N(p,v)!O reaction.

SFRESCO definitions

The cross-section expression used in the code SFRESCO for radiative capture reac-
tions corresponds to (8.44) [ThoO1]:

471' Uf 7.
% = k2 v Z gJi|7;;jvaiji|2 (9.11)
i Y JLiLyjijs
s Uf Ji
= B2 Z gJi|Sfojf,iLiji|2 (9.12)
¢ JLiLgjijy

where the definition of the T—matrix, 7/, = {65 — S;i}, was used.
The S—matrix is defined in terms of the R—matrix by the matrix relation [ThoO1]:

S = [H+ ~RF(HT - BH+)} - [H— ~_RF(H - BH‘)} (9.13)
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where the derivatives are with respect to R, R = aR (the superscript F denotes
the SFRESCO definition for the R—matrix), and H~ and H* are diagonal matrices
of Coulomb functions with incoming and outgoing boundary conditions, respectively:

H = G-iF (9.14)
Ht = G+iF (9.15)
corresponding to egs. (1.19) and (1.20) without the Coulomb phase shift.

Proceeding in analogy with the eqgs. (2.13—2.19) for the matrix eq. (9.13) one obtains,
for the boundary conditions B = 0

S = [H+ - RFH’+] B [H— - RFH’*] (9.16)
= g {1 - RFiﬂ h {1 - RFi_} H- (9.17)
- % H_1H+ [1 — RFI:II:}I [1 — RFﬁ—I__} \/ﬁ\/g (9.18)
- Q H1H+ {1 — RFII{{/:] h {1 — RFi} VH-HQ (9.19)

The expression for the W matrix in SFRESCO is therefore, from (9.19) and (2.17)

1 H/+ -1 H
Wi = T {1 —RF H+] {1 —RF T ] H-H+ (9.20)

[1 R" O] RY T —

The velocity factors in the cross-section expression (9.12) can be included in the square
modulus, corresponding to defining W as:

va R 17 RF I0
= (/—=|1——L 1—-— — .22
w 10 [ a } [ a E} v (9:22)

where we multiplied and divided by the channel radius, a, and v is the matrix of elements
v, for channel c.

By defining the velocity as v, = d k. where d, is

h

dparticle channels = dp = - (923)
I
hic?

dgamma channels = dv = E— (924)
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for particles and gammas respectively, one can write (9.22) as

A SN
= \/a<1+85l1—R—FL] R—FBW)%

. RF 17'RF 1
= 1++Vd B [1 — —L} —B W—— 9.25
NG (9:25)

10°
obtains, similarly to (2.24), for (p,~y) reactions:

where B = <. In the two-channels case, by inverting the (2 x 2) matrix [1 — RTFL}, one

1

W, = 2i\/d, P} '”’PQ

det™? (9.26)

<

where det is the determinant

R R 1
det = <1 — %L,,) <1 - %LQ —L,RE R L, (9.27)

and P, and P, are the elements of the B matrix, the penetrabilities for the particle and
gamma channels respectively.

In the case of the treatment of photon channels in SFRESCO, we set ¢, = —k—}‘g
in eq. (B.1) which corresponds to describing the final channel with Maxwell’s equation.
In the phenomenological R—matrix approach, SFRESCO uses for the elements of the
R—matrix egs. (9.3) and (9.4) multiplied by the channel radius, a:

F (71/)\)2 =
R, = apip = Ry (9.28)
AN

Yo
Rip = a\/a 7E)\p_'y

C A
a\/g Ejf - \ff (9.29)

and therefore the reduced gamma width defined in SFRESCO, %2{, has dimensions of
MeV, as the reduced gamma width, 'ﬁ, in (9.8). The R—matrix however is no longer
dimensionless, having dimensions of length (fm).

Replacing (9.26) into the cross—section expression (9.12) (the velocity factors are
included in the expression for W), and considering (9.28) and (9.29) one obtains, in the
weak coupling limit
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1 1 2
de'y (2Pp)§7;\7'¢(2p“/> 2
C,ydp E)\ —F

" (9.30)
Opy = 12 9 = -
v JLiL;jijs 1—- LpRpp
From the definition of B
P
- ()
IO R=a
p
= T 9.31
<F2 + GQ)R:a ( )

and eq. (9.10) we observe that eqgs. (9.8) and (9.30) involve different kinds of gamma
penetrability, P, and P,. Indeed the gamma penetrability is defined in the SFRESCO as

P
P, = <7) (9.32)
e ngvq + Gg/vq R.Y:a

where the subscript ¢ references not the multipolarity of the emitted radiation but rather
the angular momentum from the centrifugal barrier (as we saw previously, the two might
not be the same as in the case of magnetic transitions). The asymptotic behavior of the
penetrability for the gamma channels is therefore

N (kya)?ett _ 1 a \2!
P = T = T o (B e7) (9:33)

From egs. (9.8), (9.10), (9.30) and (9.33) one obtains the relation between the re-
duced gamma widths in the case of electric EL, transitions, for which ¢ = L.:

Ly L,
(,?)\)2 EV ot — (,YA)Z 1 E L 2ot dev
" \E\ = E " 2L, = DI\ (he) e d,

. 2LyHl 32 2 42
= (1) _ <E7 ) IR he” gy
L+ =\ (o) 2 B, E, B

. 1 q \ 2Lt
= O g, g (E%hc)) (5:3)

and therefore, the relationship between the reduced level widths is

, , he 2L, +1
2 = (@) [2[(2%—1)!!] (m) ] (9.35)
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9.2 R-—matrix analysis with SFRESCO

With the reduced widths of table 6.1, and eq. (9.35) one is able to reproduce the
results of chapter 6 with the SFRESCO code. The results of this analysis, together with
the fits obtained in chapter 6, are shown in figures 9.1—9.3. The consistency of the

results obtained with the two codes, the one used in chapter 6 and SFRESCO, should be
emphasized. The SFRESCO parameters are shown in table 9.1.

RC —> ground state

— chapter 6
r SFRESCO

SF.c.o (keV.b)
B
o

0 0.5 1 15 2 25
E... (MeV)

Figure 9.1: S—factor for radiative capture to the ground state. Comparison between the
results obtained in chapter 6 and the results obtained with the SFRESCO code.
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RC ->6.18 MeV

— chapter 6
SFRESCO

SFce1s (KeV.D)
=
o

E.,, (MeV)

Figure 9.2: S—factor for radiative capture to the E,=6.18 MeV state. Comparison be-

tween the results obtained in chapter 6 and the results obtained with the SFRESCO
code.

RC ->6.79 MeV

— chapter 6
SFRESCO

SFcs7e (KeV.b)
=
o

E.,, (MeV)

Figure 9.3: S—factor for radiative capture to the E,=6.79 MeV state. Comparison be-

tween the results obtained in chapter 6 and the results obtained with the SFRESCO
code.
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Table 9.1: Values for the position of the R—matrix poles and square roots of proton and
~ reduced widths used in the SFRESCO analysis, obtained from the R—matrix analysis
of chapter 6 and with eq. (9.35). The background terms were also converted.

Transition J™ E, (MeV) 7, (MeV2) Yoy (MeV2) interference

g.s. : 0.262 0.0778 0.0015 -
3T 0.504 0.4123 0.0049 +

0.990 0.0632 0.0028 +

2.200 0.1674 0.0152 +

6.18 MeV 17 0.262 0.0778 0.0955 +
1.445 0.0224 0.0251 +

3T 0.504 0.4123 0.0305 +

0.990 0.0632 0.0054 -

6.79 MeV 17 0.262 0.0778 16.58 +

9.3 Analysis of the “N(p,y)'O reaction with the
hybrid approach

With the formalism developed in chapters 7 and 8 we can now replace the back-
ground terms in the R—matrix description of the “N(p,y)'*O of chapter 6, and the pre-
vious section of this chapter, by a potential description of the direct contributions to the
reaction mechanism. We start by replacing only the contribution from the negative parity
-

5 and %7 states, P—waves in the entrance channel, and later extend this procedure to

the treatment of all background contributions.

9.3.1 Potential description of the negative parity background
terms

The negative parity background terms contribute to the N(p,v)*O reaction mech-
anism predominantly through E1 capture to the %Jr subthreshold state at E=—0.504 MeV.
We perform the coupled channels calculation with a potential that has a central, target
and projectile spin—orbit terms, and a spin—spin term. The parameters of the entrance
channel potential are adjusted to the experimental data for radiative capture to the %Jr
subthreshold state, when combined with the the R—matrix parameters fixed at the values

shown in table 9.1.
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RC —> 6.79 MeV

Lg=

SFicss70 (KEV.D)
H
o

E,. (MeV)

Figure 9.4: S—factor for radiative capture to the E,=6.79 MeV state, with a hybrid
description where the negative parity background is described through a potential model.

This P—wave potential was varied independently of the properties of the known
bound states. In the next section we extend this analysis to all partial waves and we are
more consistent and consider the known constraints on the potential.

We are able to use the R—matrix parameters obtained from the fits of chapter 6,
which were obtained for a channel radius of a = 6.5 fm, because of the way the wave func-
tions in the exterior region are calculated. The potential contribution to the R—matrix
is evaluated at @ = 6.5 fm to be added to the contribution from the additional poles.
However, the matching between the wave functions obtained from the full interaction and
the Coulomb wave functions is done at the maximum coupling radius of R,, = 50 fm. As a
result, the Coulomb matrices fora < R < R,,, H* and I;I*, are non-diagonal, and include
the effects of the nuclear and Coulomb interactions [Chr82]. These non-diagonal Coulomb
matrices are then matched at the channel radius @ with the internal wave functions.

The result of the best fit is presented in figure 9.4 and the corresponding potential
parameters are (53.69,1.58,0.41) for the central term, (7.93,2.84,0.40) and (10.0,3.64,1.30)
for the target and projectile spin—orbit terms, respectively, and (8.39,1.74,0.60) for the
spin—spin term — in this notation the first element corresponds to the potential depth,
the second to the radius, and the third to the diffuseness. The spectroscopic amplitude
for the transition to the %+ subthreshold state obtained in this fit was v S?=1.75.
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The results obtained for the transitions to the ground state and the 6.18 MeV
state are the ones shown in figures 9.1 and 9.2, since the R—matrix parameters were left
unchanged and the E2 contribution from the potential is negligible compared with the E1
resonant contributions.

Figure 9.4 shows that one is able to describe reasonably the experimental data for
the transition to the 6.79 MeV state by replacing the negative parity background poles by
a potential model. However, the discrepancy between the fit and the experimental data
around the low energy resonance is a clear indication that the R—matrix parameters need
to be refitted along with the potential parameters. This will be done next, by extending
to positive parities the treatment of the background terms through a potential model.

9.3.2 Potential description of the *N(p,7)!°O background

The extension of the previous analysis to the treatment of both positive and negative
parity backgrounds is done by the use of two optical potentials for each contribution. Both
potentials include central and projectile spin-orbit Woods-Saxon terms, since the capture
to the ground state and the 6.18 MeV state of 30, although proceeding predominantly
through S—wave E1 capture, are expected to have small D—wave contributions. We con-
strained the positive parity potential to have an S—wave bound state at E = —0.504 Mev
and the negative parity potential to have a P% bound state at the ground state energy.
This removes the possibility of these eigenstates appearing at positive energies and inter-
fering with the set of resonances.

The results obtained from an analysis where the potential parameters for the nega-
tive and positive parity potentials are fitted, while the the R—matrix parameters are left
unchanged to the values of table 9.1, correspond to the curves “fit a” in figures 9.5—9.7.
These results show again the need for refitting the R—matrix parameters along with the
potential parameters. In a second iteration, after obtaining the potential parameters
corresponding to the best fit to the data, the overall set of parameters, potential and
R—matrix levels parameters, was allowed to vary to obtain the final curves labeled “fit
b” in the same figures.

Although the transitions to the 6.18 and 6.79 MeV states are reasonably well de-
scribed by the model, figures 9.6 and 9.7, we observe from figure 9.5 that we are not able
in this framework to reproduce the experimental data for the transition to the ground
state in the energy range between 1 and 2 MeV. We note however that we used a reduced
set of states in this analysis, and that the energy level diagram of *O has other states in
this energy range which are not included in this set.
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RC —> ground state

— fita
7 3 — fitb

SF.c.o (keV.b)
B
o

25
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Figure 9.5: S—factor for radiative capture to the ground state, obtained with the hybrid

framework where both negative and positive parity background poles are replaced by a
potential model description.

RC ->6.18 MeV

SFcs1s (KeV.D)
=
o

E.,, (MeV)

Figure 9.6: S—factor for radiative capture to the E,=6.18 MeV state, obtained with the

hybrid framework where both negative and positive parity background poles are replaced
by a potential model description.



9.3 Analysis of the “N(p,7)'°O reaction with the hybrid approach 117

RC ->6.79 MeV

— fita
— fith

SFics7e (KeV.b)
=
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E.,, (MeV)

Figure 9.7: S—factor for radiative capture to the E,=6.79 MeV state, obtained with the
hybrid framework where both negative and positive parity background poles are replaced
by a potential model description.

We consider therefore an extended set of resonances that includes the levels intro-

duced previously plus the 1¥ state at 1.63 MeV and the 27 states at 3.21 MeV. By

following the same procedur(ze as before and adjusting the enerzgies and the reduced proton
and gamma widths for the transition to the ground state of the two states introduced,
along with the potential parameters, while maintaining the remaining level parameters
fixed at the values of table 9.1, one obtains the curves labeled “fit ¢” in figures 9.8—9.10.
The curves “fit d” in the same figures are obtained in a second iteration by allowing some

of the parameters of the new set of R—matrix poles used in the analysis to vary.

The analysis corresponding to “fit d” yields the smallest x? of all the fits shown
in this section, x7; 4 = 12.0, and the potential and R—matrix parameters obtained are
shown in tables 9.3 and 9.2, respectively. The energies quoted in these tables are the
fitted energies. The spectroscopic amplitudes obtained for the transitions to the ground

state, the 6.18 MeV state and the 6.79 Mev state were vC'S? = 0.07, —0.77 and 1.90,
respectively.
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RC —> ground state

— fitc

SF.., (keV.b)
=
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E.m (MeV)

Figure 9.8: S—factor for radiative capture to the ground state, obtained with a hybrid
framework where the extended set of resonances was used.
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Figure 9.9: S—factor for radiative capture to the E,=6.18 MeV state,

obtained with a
hybrid framework where the extended set of resonances was used.
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RC ->6.79 MeV

— fitc
— fitd

S FRC4>6.79 (kev b)
=
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Figure 9.10: S—factor for radiative capture to the E,=6.79 MeV state, obtained with a
hybrid framework where the extended set of resonances was used.

9.4 Results and discussion

In the analysis presented in this chapter, as in chapter 6, the channel radius was
fixed at 6.5 fm and the boundary condition used corresponded to the shift function at the
position of the subthreshold state at E = —0.504 MeV, which allows us to fix the energy
of this state at the experimentally observed value. We have not studied the sensitivity
of the fit to the channel radius, however, since this was already done in context of the
analysis presented in chapter 6.

parity | potential | depth | radius | diffuseness
negative | V 48.7 2.18 0.31
VSOp 0.74 2.49 0.65
positive | V 48.7 2.55 0.66
VSOp 9.56 3.00 0.73

Table 9.2: Potential parameters obtained from the best fit to the “N(p,7)®O radiative
capture cross section data to the ground state, 6.18 MeV and 6.79 MeV states of 20,
corresponding to the curves labeled “fit d”.
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Table 9.3: Values for the resonance energies, proton and ~-widths at the position of the
pole, and square root of reduced widths, obtained from the hybrid analysis. The energies
quoted correspond to the fitted values and the proton width for the subthreshold state is
a reduced width 7.

Transition J™ E, (MeV) 7, (MeV?2) I, (keV) 7, (MeV2) I, (eV) interference

gs. 17 0.262 0.062 0.016 0.0015  0.070 —~
1.445 0.030 1.413 0.0001  0.001 —~

1.800 0.526 580 0.0041  0.904 +

ST —0.504 0.412 170 0.0485  0.244 +

0.987 0.045 1.634 0.0033  0.443 +

2.239 0.206 113 0.0124  9.531 +

3.213 0.481 848 0.0107  9.501 +

6.18 MeV 17 0.262 0.062 0.016 0.0955  0.096 +
1.445 0.030 1.413 0.0234  0.658 —~

ST —0.504 0.412 170 0.0481  0.038 +

0.987 0.045 1.634 0.0054  0.019 -

6.79 MeV 17 0.262 0.062 0.016 16.58  0.317 +
1.445 0.030 1.413 0.9314  0.210 -

The overall agreement between the hybrid model and the data is good, with a total
x? per degree of freedom of 12.0, corresponding to “fit d”. This result is better than the
one obtained with the R—matrix analysis of chapter 6 (x* = 14.7). There are, however,
some discrepancies between the values obtained with the hybrid model for the parameters
of the resonances, and the ones obtained in the study of chapter 6 and by the the R—matrix
fit of Angulo and Descouvemont [Ang01]. These are discussed in detail next.

Capture to the ground state (%_)

In the fitting procedure we found the results to be relatively insensitive to the
product 7, x v, for the %Jr subthreshold state. We therefore fixed the proton width at the
values obtained from chapter 6, %2) = 170, and adjust only the ~v-width of this state. The
value obtained for the 7-width was I', = 0.244 eV, which is in reasonable agreement with
the value obtained in chapter 6 (I'y = 0.263 eV), and with the recent measurements of
Yamada et al. [Yam04] and Bertone et al. [Ber02] (T, =0.417393 eV and I, =0.9575:50 eV,
respectively).
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For the other %Jr states the values obtained with the hybrid analysis (I', = 1.634 keV
and I', = 0.443 eV for the E=0.987 MeV state, and I', = 113 keV and I';, = 9.532 eV for
the E=2.239 MeV state) are in reasonable agreement with the values referenced in other
works [Ang01, Sch87, AS91]. In Angulo and Descouvemont, for example, I', = 3.0 keV
and I, = 0.10 eV for the state at E=0.985 MeV and I'), = 270 keV and I', = 9.0 eV for
the state at E=2.187 MeV.

For the %Jr state at E=0.262 MeV the values obtained in this work, I') = 0.016 keV
and I'y = 0.070 eV, are significantly different from those obtained by Angulo and
Descouvemont [Ang01] (I, = 1 keV and I', = 0.0016 €V), but are in reasonable
agreement with the ones obtained in the R—matrix analysis of chapter 6 (I', = 0.02 keV

and I', = 0.036 eV).

The resonance energies were also fitted to the experimental data. The values ob-
tained in this work for the two %Jr resonances at E=0.985 and 2.187 MeV are E=0.987 and

2.239 MeV respectively. The fitted resonance energies for the %Jr states at E=0.259 and
1.446 MeV are E=0.262 and 1.445 MeV respectively. Fitting the energies considerably
improves the result of the fitting procedure and results obtained are within 2% of the

values quoted in the literature [AS91, Ang01].

The two states introduced in this analysis, the %Jr resonance at E=1.800 MeV and the
%Jr resonance at E=3.213 MeV have large proton and gamma widths, which indicates that
these states are possibly accounting for resonance contributions not taken into account

explicitly by the set of states used in the analysis.

The value obtained for the S—factor at astrophysical energies, S(0)=0.05 keV.b,
is very close to the value obtained by the R—matrix analysis of Angulo and Descouve-
mont [Ang01], S(0)=0.08"0¢% keV.b. It is, however significantly different from the value
obtained by Schroder et al. [Sch87], S(0)=1.55 keV.b, and the result obtained in chapter 6.

Capture to the E, =6.18 MeV state (37)

The values obtained for the y—widths of the subthreshold and E=0.987 MeV states,
I'y, =0.038 and 0.019 eV respectively, are in reasonable agreement with the results obtained
in chapter 6 (F;0'504 =0.015 eV and Fg'985 =0.019 eV) and by the work of Angulo and
Descouvemont [Ang01] (I';%°%* = 0.005 eV and I')*** = 0.004 V).

For the v—widths of the %Jr resonances at E=0.262 MeV and 1.445 MeV we obtain
I’y =0.096 and 0.658 eV, respectively. The fitted proton width of the E=1.445 MeV is
I') =1.413 keV. These values are significantly different from the ones obtained in chapter 6
(1—‘9/'262 =0.850 eV, F%’Mg =0.376 eV and FII)'446 =0.79 keV), and from those obtained by
the analysis of Angulo and Descouvemont [Ang01] (Fg'%g =0.02 eV, 1’%445 =0.11 eV, and
Fll)'445 =42.0 keV)
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The value obtained for the S—factor at astrophysical energies, S(0)=0.12 keV.b, is
considerably higher than the one obtained in chapter 6, S(0)=0.04 keV.b, and the one
obtained by Angulo and Descouvemont [Ang01], S(0)=0.06"30; keV.b.

Capture to the E, =6.79 MeV state (%Jr)

The value obtained for the y—widths of the E=0.262 MeV resonance, I', =0.317 eV,
although very close to the value obtained in chapter 6, I', =0.313 eV, differs significantly
from the one obtained by the R—matrix analysis of Angulo and Descouvemont [Ang01],
I'y = 0.01 eV. In this analysis, we introduce the contribution from the %Jr state at
E=1.445 MeV, which is not considered in the phenomenological R—matrix analysis of
chapter 6, or by Angulo and Descouvemont [Ang01]. The value obtained for the y-width

of this state was I', = 0.210 eV.

The contribution from capture to the E, =6.79 MeV state still dominates the as-
trophysical S—factor at zero energy, however, the value obtained in this analysis,
S(0)=0.95 keV.b, is much smaller than the one obtained in chapter 6, S(0)=2.21 keV.b,
and smaller than the one obtained by Angulo and Descouvemont [Ang01],
S(0)=1.634+0.17 keV.b).

Total S—factor

The total S—factor at astrophysical energies obtained in this work, S(0)=1.12 keV.b
(corresponding to the sum of the contributions S(0)=0.05, 0.12 and 0.95 keV.b from the
capture to the ground state, the 6.18 and the 6.79 MeV states, respectively), is significantly
lower that the one obtained in the analysis of chapter 6, S(0)=2.42 keV.b, or the value
obtained by of Angulo and Descouvemont [Ang01], S(0)=1.77£0.20 keV.b.

9.5 Conclusions

In this chapter we applied a hybrid R—matrix + potential model, to the analysis
of the radiative capture reaction N(p,v)!®O and the determination of its S—factor at
energies relevant in astrophysics.

We started with a potential description for the contribution to the background from
negative parity states, and were are able to successfully describe the data for radiative
capture to the 6.79 MeV state, as well as for the ground state and 6.18 MeV state of *°O.
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We then extended the hybrid analysis to the treatment of all the background contri-
butions. In this study we observed some discrepancies between the resonance parameters
obtained and the values obtained by Angulo and Descouvemont [Ang01]. Furthermore,
the large proton and gamma widths obtained for the two states introduced the analysis
analysis (the %Jr and %Jr resonances at E=1.800 MeV and E=3.213 MeV, respectively) in-
dicate that these states are accounting for resonance contributions not taken into account
explicitly by the set of states used in the analysis. The total S—factor at astrophysical
energies obtained in this analysis, S(0)=1.12 keV.b, is significantly lower than the one
obtained in the analysis of chapter 6, S(0)=2.42 keV.b, and the value obtained by Angulo
and Descouvemont [Ang01], S(0)=1.77+0.20 keV.b.

The two analysis of the N(p,+)"®O shown in this work, the phenomenological
R —matrix analysis of chapter 6 and the hybrid analysis presented in this chapter, and the
R—matrix analysis of Angulo and Descouvemont [Ang01], obtain very different values for
the S—factor at astrophysical energies, although all these studies used the experimental
data obtained by Schroder et al. [Sch87]. The reason for these differences, as for the
discrepancies observed in the values of the resonance parameters, is related to the uncer-
tainties of the low energy experimental data, which do not allow a proper definition of
the properties of the 6.79 MeV subthreshold state or the %Jr resonance at E=0.262 MeV.

The new experimental data being made available by the TUNL and the LUNA
collaboration experiments will significantly reduce the uncertainties in the low energy
region and allow for a much more reliable analysis of the “N(p,v)'®O reaction.






Part V

Conclusions






127

In this work we proposed and implemented a hybrid R—matrix + potential frame-
work for the systematic study of nuclear reactions, and focusing on applications that
involve transfer or photonuclear processes.

In order to accomplish this, we started by rederiving the R—matrix theory for
transfer and photon channels, focusing on the 2—channel case. We studied the R—matrix
theory both as a method of solving the coupled equations and in the pure phenomeno-
logical approach, and explore the possibility of including R—matrix poles in a coupled
channels analysis, which constitutes the hybrid framework.

This model was then applied to the analysis of the *He(d,p)*He transfer reaction,
and the set of observables available (rank zero, T, Ty, and KZ'(OO) reaction observables),
together with new measurements presented in this work, were successfully described in
this framework. The parameters obtained from this hybrid analysis for the dominant %+

resonance were E; = 0.24 MeV, F&O):0.209 MeV and F},Z):0.046 MeV, which are in good
agreement with the values quoted by Tilley et al. [Til02] (E4=0.23 MeV, T'4=0.134 MeV
and I',=0.055 MeV). Furthermore, this analysis reveals the importance of L >0
contributions, namely those related to odd partial waves (essentially P—waves), to the
reaction mechanism, arising from direct transfer processes or tails of distant resonances.
We conclude that a consistent description of the different polarization observables can
be achieved by assuming that the reaction proceeds by a mixed mechanism where the
dominant resonant component competes with a non negligible direct component.

With the new experimental measurements presented in this work for the A, (0°)
and o(0°) observables of the *He(d,p)*He reaction, we were able to calculate, for the first
time, all the linearly independent scattering matrix elements at 0°.

We then focused on the study of radiative capture reactions, particularly
the MN(p, v)'°0 reaction. We started by using the phenomenological R—matrix model to
study the “N(p, )0 radiative radiative capture data to the ground state, the 6.18 MeV
and the 6.79 MeV states of 0. With this model we were able to determine the S—factor
at energies relevant in astrophysics. The value obtained, S(0)=2.42 keV.b, is 36% higher
than the one obtained by Angulo and Descouvemont [Ang01]. This is the result of small
differences of the fitted resonance properties and the %Jr subthreshold state, and is a
consequence of the uncertainties in the low energy experimental data. This study also
revealed the importance of background poles to account for the contributions arising from
direct capture or low energy tails of high lying resonances, suggesting the relevance of a
hybrid treatment of the “N(p, )0 in order to clarify the interplay between the resonant

and the direct reaction mechanism.

The hybrid analysis of the “N(p,v)!®O required the development of a formalism
where the photon equation could be treated on an equal footing with the particle equa-
tion in the coupled channels framework, which was accomplished in chapter 8. This
development that has important application in the Nuclear Astrophysics field since many
nuclear reactions important in Astrophysics involve photonucler processes.



128

We started the hybrid analysis of the 1“N(p, )0 with a potential description of the
contribution to the background from negative parity states only, and were are able with
this simple model to successfully describe the data for radiative capture to the 6.79 MeV
state, as well as for the ground state and 6.18 MeV state of 1?0O. We then extended
the hybrid analysis to the treatment of all the background contributions. In this study
we also observed some discrepancies between the resonance parameters obtained and the
values quoted by Angulo and Descouvemont [Ang01]. The total S—factor at astrophysical
energies obtained in this analysis, S(0)=1.12 keV.b, is significantly lower than the one
obtained with the phenomenological R—matrix analysis described earlier, and one quoted
by Angulo and Descouvemont [Ang01], S(0)=1.7740.20 keV.b.

The reason for the discrepancies between S—factor values obtained for the
YN(p, )10 reaction, and also for the differences observed in the values obtained for the
resonance parameters from different studies, is related to the uncertainties of the low
energy experimental data, which do not allow a proper definition of the properties of the
6.79 MeV subthreshold state and the %Jr resonance at E=0.262 MeV. The ambiguities
in the fitting procedure are expected to be resolved once the new experimental data,
obtained by the ongoing experiments from the LUNA collaboration and TUNL, becomes
available. These will significantly reduce the uncertainties in the low energy region, and
allow for a much more reliable analysis of the *N(p,v)*O reaction.

With the application of the hybrid framework to the study of transfer and radiative
capture reactions we proved the usefulness of this approach in the analysis of low energy
nuclear reaction. Indeed, this work and the tool that was developed in its context, have
created a significant number of research opportunities that will be pursued in the near
future. These include the analysis of photon induced reactions, which are important
in stellar environments and constitute a modern topic of research, the consideration of
spin correlation coefficients in the analysis of the 3He(d,p)*He reaction, made possible by
the new polarized target available at TUNL, and the analysis of the *C(a, )0 and
"Li(p, v)®Be reactions, which were only briefly studied in this work.



Appendix A

Elastic scattering of spinless
particles by a central potential

In the case of the elastic scattering of spinless particles the formalism becomes quite
simple since one can drop the indices S,, S; and p, that become zero, and also 7 since
we consider only elastic scattering. This case is however important to understand the
application of the formalism to a general case.

The R-function

Considering the Schrodinger for the radial parts of the wave functions in the internal
region for a given relative angular momentum, R~'ur(R), at two different energies F; and
EQI

Puy 2m
are 7'1,2_(E1 —Vju =0 (A1)
Pus  2m
e PV =0 (A2)

where V' includes the centrifugal term. Multiplying (A.1) by uy and (A.2) by us, and
integrating the difference of these equations from zero to the channel radius, one obtains
the Green’s theorem relation:

du du 2m @

since u should be zero at the origin for the radial term R~ uz(R) to be finite.
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For certain energies, E), the solutions of the Schrodinger equation have zero deriva-

tive at the surface:
dU)\
—= =0 A4
< dR ) R=a ( )

These energies are energy eigenvalues and the solutions are eigenfunctions that satisfy
the boundary condition (A.4). Using two of these eigenfunctions in the Green’s theorem
relation (A.3), one observes that these eigenfunctions form a orthogonal set of normalized
radial functions in the internal region. The solutions of the Schrodinger equation for an
arbitrary energy, F, may therefore be expanded in the internal region as a function of u,:

UE<R) = ZA)\U)\, 0 S R S a , (A5)
A

where the expansion coefficients are, using (A.3):

@ n? uy(a) [dug
A)\ = /0 U)\UEdR = %EA _FE (ﬁ)Ra (AG)
With (A.6) one can write (A.5) in the form:
up(R) = G(R,a) (o2 (A7)
E - ) dR Fea .
h? ux(R)ux(a)
— A.

The Green function G(R, a) relates the value of the wave function in the internal region
with its derivative on the surface. Recalling (1.23-1.24) one can define the R-function as:

2
#2) up(a)
R = G(a,a) = = - (A.9)
\ Ex—FE a(ddzf)R:a

where ) = 4/ 277; ug(a) is the square root of the reduced level widths.

The boundary condition

Equation (A.4) involves the choice of a particular boundary condition for the solu-
tions of the Schrodinger equation. However, a more generic choice of boundary can be

made, namely (2.1):
R du,\
—— =B A.10

<U)\ dR)Ra ( )
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where B is a real constant (independent of A\). By choosing this general boundary con-
dition one should make appropriate changes to the expression obtained in this chap-
ter [Lan58, Vog62]. In what concerns the formal aspects of the theory, the channel radius,
a, and the boundary condition, B, are just parameters. However, in the implementation
of the model special care should be taken in the choice of these parameters.

The scattering function

The general solution, ¥, can be written in the external region as a linear combina-
tion of the incoming, Z, and outgoing, O, waves (1.21) and (1.22):

U, =1, — U0 (A.11)

where Uy, is the scattering function. The scattering function can be written in terms of
the R-function since:

ur, I - U0
R, = = A.12
r <pau/L)R:a /)a([,L - ULO,L) ( )

I; (11— LRy,

U, — -L i A.13
< Y=o, (1—LLRL) (A.13)

Since Ry, is real, Uy, can be written in terms of a phase shift d:
Uy = e (A.14)

with
_ R Pr

op =tg | ————— ) — A.15
L =19 <1_RLSL) o1 +wr, ( )

where Sy, is the shift function, P is the penetrability, ¢ is the hard-sphere phase shift,
and wy, is the Coulomb phase shift.

The Cross section

Considering the linear combination of solutions of the wave equation:
iV/Tk™ Y (2L +1)2(Z, — ULOyL) (A.16)
L

and adding and subtracting the term
ikz -1

e k F
7o X1X2 = TEL:(QL"‘U L}gp)PL(COSQ)th

= iVak ) (2L +1)5(Z, - Oy) (A.17)

L
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(where we used (1.21) and (1.22), with w. = 0 - neglecting the Coulomb phase shift, and
the partial wave expansion of the plane wave, and Py (cos @) are the Legendre polynomials)
one write a solution of the wave equation as

eik:z

75 et iVrk™ Y (2L +1)2(1 - Up)O, (A.18)

that corresponds to the sum of a plane wave, describing incident flux, with a term corre-
sponding to the outgoing wave. The asymptotic form of this solution is

1 ) eikR
e [+ a0 e (A.19)
where:
A(f) = %z’k‘l > (2L +1)(1 = Up) Py(cosd) (A.20)

is the complex scattering amplitude. The elastic cross section per unit solid angle is
therefore:

2

> (2L + 1)(1 = Up) Py (cosb) (A.21)

= k2

The total cross section is obtained integrating the previous expression over the solid angle:
o= /a(e)dQ — k23 LA ) 1 - Uy (A.22)
L

where, in the R—matrix formalism, U}, is given by eq. (A.13).



Appendix B

R—matrix formalism: 2—channels

Considering egs. (A.1) and (A.2) written in matrix notation:

Cld—22+(V11—E) Via :||:f1:|_
[ o e (Vg —B) | | o] " (B.1)

£ 2
f2(1) ] [ 2(2) ] (B.2)

as the solutions for energy E; and E, respectively, u" and u®

We denote

In analogy with the procedure followed in appendix A, we multiply eq. (B.1) for
energy F) by the transposed of 4 and subtract the product of eq. (B.1) for energy E,
by the transposed of u")

u(2)T l 01% + (Vi1 — Ev) Viz } u®
‘/21 Czddﬁ + (‘/22 - El)
_ a7 { e + (Vi — Ba) , Vo ] u? = 0 (B3

which corresponds to, with Vi, = V5!

d2
e fOL O g @ 2 f2 _ B2

dR? dR2
d?
- fl)dR? (2) _|_E2f1 Co 2 dR2f2 +32f2§1> 2(2) =0 (B.4)

After rearranging the terms in the previous expression and integrating by parts in
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the internal region, one obtains:

d d ¢
o (#5510 - wﬁf@)R ez [

e (ff’d%f;” f2 )R a + (Ey — Ey) / AURYdR = 0 (B5)
For zero logarithmic derivative at R = a and with E2 # E1, eq. (B.3) yields
|02+ 5087) ar = 0
<:>/Ou u? dRrR = 0 (B.6)

so that, for a given energy E the solution of the Schrodinger equation can be expanded
in the internal region, corresponding to eq. (A.5) in the one channel case:

> Ay u(R) 0<R<a (B.7)

where

Ay = /uA-uEdR
0

= /u’\TuE dR (B.8)
0

Writing eq. (B.5) for the energy E one obtains, using the boundary condition (A.4),
one obtains

(fl f1> 3 (f2 f2) :a+(E—EA)/OauA-uEdR =0 (B.9)

We therefore obtain for Ay

Ay = — B.1
A E E (fl fl) :a_'_ E—E)\ (fQ de2 )Ra ( 0)
which can be written in matrix notation:
Ay = ) (C-LuP(a) (B.11)
N = E_ L. u(a dRu a o .

where C is the diagonal matrix of coefficients ¢; and c¢s:

0 Co

c = lcl 0} (B.12)
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Inserting A, into eq. (B.7) one obtains

1 d
u?(R) = ; 5=F u*(R) u*(a) - (CﬁuE(a))R:a
d
= G(R,a) |a—u®(a B.13
(o) (agpui(o)) (B.13)
where
G(Ra) = = L w@® ww)’c
’ a E—E)\
(B.14)
and therefore the R-matrix is
R = G(a,a)
1 1 T
= E;E—E,\ u’(a) [u(a)] C
_1 L a(R) eff
- a;E_EA [Clﬁf? @(ﬁ)z] (B.15)

From (B.14) we obtain the relations for the elastic and reaction elements of the
R—matrix, Ry; and Ry, respectively:

1 1 0 2

Ry = EE—E,\Cl( ) (B.16)
1 1

Ry = - afifs (B.17)






Appendix C

Transfer couplings

A transfer process between an initial state with a projectile, a, and a target A,
o =i = {a+ A}, and a final state, o = f = {b + B}, represented by A(a,b)B and
shown schematically in figure C.1, involves the calculation of the following transition
amplitude [Sat83]-16.37:

Iha/
= j}i
J . . )
= // dRZde Q/J(I{fsb)ijB (Rf) < (Lbe)ijB; Jf|V‘(LZSa)jZSA, J; > ¢E]Izzi5a)jiSA (Rz)

(C.1)

where J; = Jy since the interaction is rotational invariant, R; and Ry are relative coordi-
nates of the initial and final states respectively, Qﬁ‘(]il )15 a (R;) are the distorted radial wave

functions of the initial state, and w{Lfbe)
of the final state.

o (Ry) are the distorted radial wave functions
jrSB f

a

() O

O O

Figure C.1: Graphical description of the transfer process A(a,b)B.
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The initial state has a composite projectile with internal coordinates r,; = {r,,r;}:
Xs. (Tp, i) = [(Lis)jiSy; Se >, and the final state has a composite target with internal
coordinates ry s = {re, v} Xsp(re,vp) = [(L)5)55S54; S > [Tho88]. These coordinates
are represented in figure C.2.

e = I'a
I = rxb
Ri= R g
Ri=R

Figure C.2: Radial coordinates for the description of a transfer process A(a,b)B.

The interaction potential, V, is in the prior form:
VI = Vi o5, (tr) + Uee(R) = Ui(Ry) (C.2)
and in the post form:
VPO = Vg9 (1i) + Uee(R) — Ur(Ry) (C.3)

where V(L}S)j}(rf) is the potential that binds the target in the final state { A—x}, Vip,q;:(r:)
binds the projectile in the initial state {b — 2}, U..(R) = Uap(R) is the “core-core”
potential, U;(R;) is the distortive optical potential in the initial channel that generates
gb‘(]iz sa)jis, (F1i), and Ug(Ry) is the optical potential in the final channel.

The source function is therefore:
Sa = Sa(Rf)
_ / AR; < (Ly$)jsSmi JiIVI(LiSa)jiSai Ji > &g os (R)  (CA4)

and evaluates a non—local integral operator since it operates on a function of R;,
(;5‘(]L Su)jiSa (R;), to produce a function of R;. One needs therefore to evaluate the non-local
kernel V, o (R;, Ry) that enters eq. (1.15). When the potential V contains only scalar po-
tentials, the kernel calculation can be reduced to the problem of finding X%,f, LyLiL, ((Ri, Ry)

such that, given [Tho8§]
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< (LSy)jrSs; J¢|VI(LiSa)jiSa; Ji >

Li Sa jz
= I (=0T SuFFSA S Ly s g o WSkl Sady)
AF A F jf

W(L}sSbSa,j}F) W(LfL}]fF, ASb) < Llfo, A‘V|L;LZ, A > (05)

the integral operator < L’ Ls; A[V|L;L; A > has the kernel function X%,vaf;L/,Li(Rf, R;).
Using (E.3) and (E.4), and performing a Legendre expansion the radial kernel function
can be written as [Tho88]:

XA},Lf;L;Li(Rfv Ri)

b 3 / / / / /
= S yme(in!) By R B bR W Ry (R

nn'

> df, oy (Ry, R)(2T + 1) (=)™ TR B L L1y = (L = i Ly Ly
T
Ly—n n K Li—n" n K’
! f 7
> (2K + 1)(2K' + 1) ( 0 0 0) ( 0 0 0 )

KK’

K L; T K' L T

0 0 0 0 0 0
> (2Q + )W (L) Ly LiLi; AQ)W (K Ly K'Li; TQ)
Q

/

/ /
Lf Q /L !
Li—n" K n
where a,a’,b and b’ are the coefficients obtained from writing r; and r 7 as linear combi-

nations of R; and Ry: ry = aR; 4+ 0R,; and r; = ¢’'R; + V'R;; and

1wy (1) up(r)
qz’f,L;(RfaRi) D) 71V TfL/fil AR Pr(u) du (C.7)

where 7y = \/ a?R; + R} + 2abRy Ryu (analogously for r;), u is the cosine of the angle
between R and R;, and Pr(u) are the Legendre polynomials.






Appendix D

Madison and natural quantization
frames

The vector components of the beam polarization in the projectile helicity frame
are obtained by resolving S into x, y and z components and multiplying by the vector
polarization magnitude pz. In matrix notation this corresponds to:

Da Upz Ugzy —sinfcos¢ 0
Dy = Uy Uy sinfBcos¢ 0
D U Uy cos 3 Pz
~ Payz = UPXYZ (Dl)

Considering the case in which the incident beam polarization has the quantization
axis (Z) as an axis of symmetry (thus pxx = pyy = —ipzz), the second rank tensor in
the X, Y, X system, ppxyz is expressed in the z, y, z system by the relation:

PPzyz = UprYZU (DQ)
where the tilde indicates the transposed matrix.

The polarization tensor in the X, Y, Z frame is

—3Dzz 0 0
PPxyz = 0 —pzz O
0 0 bzz
3 000 1 1 00
= Pzz 000 ~ 5Pzz 010 (D-3)
001 00 1
and therefore:
3 000 4 1 00
PPayz = 5pzzU | 0 0 0 4 U—opzz | 0 1 0 (D.4)
00 1 00 1
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Madison and natural quantization frames

where the relation UU = I was used.

On the other hand, the polarization tensor, pp,,., is formed from the expectation
values of the operator (3.2):

and therefore from (D.2) one obtains the

PPzyz =

Pzx Paxy DPuxz
Pzy DPyy Py=
Pzz DPyz DPzz

polarizations in the projectile helicity frame:

Pz

Dyy

D2z

p:vy

Dy=

Pz

3

<_ U:szzvz -
2

3

(5UseUy: -

3

1 1 . .

é)pzz = 5(3 sin? 3 sin®¢ — 1) pzz
1 1 .

5)1722 = 5(3 sin? 3 cos® ¢ — 1) pzz
1

1
— =)pzz = 5(3 cos’ B—1) pzz

2

3
UyzszpZZ = _5 Sin26 COS(b Sin(b Pzz

3
UyzUzszZ = 5 Siﬂﬁ COSﬁ COS¢ Pzz

3
U U..pzz = —3 sin 3 cos 3 sing pzz

(D.5)

explicit relations for the vector and tensor

(D.10)

(D.11)



Appendix E

Properties of spherical harmonics
and Racah algebra

General properties of spherical harmonics

The following properties of spherical harmonics have been used in this work:
Y/ (ar) = YF(F) (E.1)
when « is a positive constant;

Yi(=7) = (-1)"Y () (E2)

Expansion of spherical harmonics

Let r = ar, + bry, then the spherical harmonic Y/*(ar) can be expanded in terms of
spherical harmonics of r, and rp [Tho79, Bri93]:

Vi) = VIR e @O s Ly Y ) (B

a

n=0 A=—n

where:
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The first order term is simply Y}'(r,), and by going to second order one obtains (with

a=b=1):
YER) = Y[

' fam (2L +1\?
T ™ + 2
F S () @ A )

~ YR (E.6)

and one sees that, if r, << r,, second and higher order terms may be neglected.

Vector spherical harmonics

The vector spherical harmonics Y (6,¢) are vector functions of the angles only (in-
dependent of the radial coordinate r) which are simultaneous eigenfunctions of J, and
J?= J2+J2+J2 Since the operators L and S commute, we can construct these vector
spherical harmomcs by using the vector addition law

m=—j m/=
When we take j'=S=1 has the spin of the photon, then previous relation becomes
1
Yih o= > (M —m/ 1| JM)YM T (0,6) €

m/=—1

, (E.8)

m

where &,/ are the elements of the spherical basis for S.

The gradient formula

D=

VIOV = |gey] (B ) Y0

dr r
1
L+11|2/df L A
— —f1Y E.
[2L+1] (d’r’ Tf) L1L+1(T> (E.9)
In the special case where f(r) is the spherical Bessel function of order L, the following
relations are useful:

i) = kia(hr) = 5 (F.10)
di‘ijL(r) = —kjL+1(k’7”)+£jL(k3T) (E-11)
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The Wigner-Eckart theorem

The Wigner-Eckart theorem used in this work is [Boh69]:

Lo, Ll L
(Byis LitlLapta) - p s i > (E.12)
2

< L2M2|YLM|L1H1 > =

and

iL

(1410, LO|L»0)

Relation between reduced matrix element and 9j

symbol

(L L L
< (L Lo) L [(Au By @iyl (L Lo) L > = ILL' ¢ L b 1
L, L

< LY||Ay||Ly >< Ly||By,||Ly > (E.14)

In this work we have dealt with the I, = 0 case, which considerably simplifies the expres-

sion.

67, 97 symbols and Racah WW-functions

The following relations were used in this work [Bri93]:

a b c __1\¢ctg—a—e .
d e | _ Sefbgn(—1) - W (abde; cg) (F.15)
g h 0 9
-1 b—a
(g 8 S) _ = (a0, b0|c0) (E.16)
¢
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Relationships between the Racah W-functions and the
Clebesh-Gordon coefficients

> (ac,bBlea + B)(ea + B,dy — a — Bley) (b8, dy — a — B fy — a)
&)

= (aa, fy —aley) [(2e +1)(2f + 1)]

[V

W (abed; ef) (E.17)



Appendix F

Demonstration of expressions
important for chapter 7

The calculation of the magnetization term for electric transitions, eq. (7.33), uses:

/ Vi WSS - A (v B) driy

= o [ W57 S g Vi Vox Ap (M) dr

M ¢x Mi,Mp,Mt 3 VA
OSSN | Ly () V() drya

ik
v ) |

P2kt Mypx g 4 M;, My M, Lyv (s
T VI DL+ ! [\I’Jf Si®1,5,.5 }'v(ri YE()) > xi dra

A M %oy = M, My, M, v
= — SV ETAS /[\IfJff Si®)'5 %, ] x1;-V (rfY} (7)) dria  (F.1)

(where we used egs. (7.20) and (7.21), the gauge condition, and the fact that Ay, (r; E)
and Ay, (r; M)

To calculate the reduced matrix element for electric transitions, eq. (7.48), we note
that the transition operator is diagonal in the wave functions for projectile and target and
use the relation between the reduced matrix element and 9;5 (E.14) symbols, obtaining

for (7.47):
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" "

M. M. M szM 7M M M
<XS,5’XSJ v f|QEM(R)|‘I>J spgt f> Xg! Xst Zria

47r . .
= Z N GTYL k)i (L, SyMyljma) (jemg, SeMy| T M)

S jfo z/"‘z‘]sz'"‘;z

&3 R oo
CL (JZMZ,L/L‘Jfo) /RQ w f( )RL N R

M M 70 ~ A
< Xy Xy Zr0pea < (LySp )il IYL(R)(LiS,)d; >x (F.2)

where the 95 symbol was written in terms of the Racah W-function, eq. (E.15). Applying
the same relations to the reduced matrix element of (F.2) one obtains:

" 1" ! /

M M M M;, My, M, M, M
D f 173 15 4Vip, Vit P
< Xs” xs,f v |QE (R)|<I>Ji75pvst > X Xs;t >4

= Z N GOY k)i (L, SyMyljma) (jema, SeMy| T M)

]fo z/""Lsz'L

L ]ZS
i (R P
Cp, (J; My, Ly|Jy My) / R? Yoy ( )RL W% 4R
R R
Ji Ji gy (=15 W (i Ty T gy S,L) W (Liji Ly g S, L)
< Ly|[YL(R)||L; >¢ (F.3)
47T ) .
= €L Y”Z (Liﬂia SpM,|gim;) (Jimi, SeMy|J; M;)
.7f Lf z“zh g
Li’-7i
(R ¢% (R)
Cr (JiM;, Lp|Jr My) /R2 ol )RL - dR
R R
Ji Gi gy L Ly Lp(—1)SmSisim btk
g T L; L L
W(jsJijrJy; SeL) W(Lji Lgjyg; SplL) ( Of 0 d) (F.4)

where in the last step the reduced matrix element was written in terms of the 65 symbols
using egs. (E.13) and (E.16); and S;)(t) were set to Sy respectively.

The calculations for the convective and magnetization current contributions to the
magnetic matrix element, eqs. (7.50) and (7.51), use
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Mf* M; My, My Mf* M;, My, My .
/ [\I/Jf Viq)Ji,Sp,St — (Vi\I/Jf )¢Ji7sp7st . ‘ALV(I‘7 M) dI'lA

N 2/@%f*(viq)%f$§tMt) - Apy(r; M) dria

2k M M;, M, M; ia
T VIL )L+ 1) /<\IlJff Vily55 ) LriYE(R) dria
ZZkL Myx M ,Mp, My Ly v/a
- L(L + 1)(2L + 1)” <\IlJf viq)‘]ivspvst ) ' vl (Ti YL <T2)) X T drlA
2kt M+ M;, My, M Ly v (s
~ L+ 1)L+ 1) (W, e x Vi g ) - Vi (rf Y] (7)) dra
2k

= VLS VL (rPYy (7)) dr F5
L(L+1)(2L + 1! /( 5 Li® 5,5 ) Vi (VL) dra o (F5)

(where we used egs. (7.20) and (7.21), the gauge condition, and integrated by parts to
remove the gradient operator from \IJJMff "), and

/ V; x [wﬁif*sg%y&z;j”ﬂ Ay, (r; M) driy

= / [W%f*sl(b%jgzgtMt] . Vz X ALV(I'; M) dI'lA
/{ZL

My# o  M;, My, M, v
~ VI + DL+ 1! /[\D"ff S| Vix (LrtYE ) di

ikL L +1 M p* M;, My, M v(ia
T eL+on VoI / VSRR ] Vi (Y G) dra (F.6)

respectively.

To calculate the reduced matrix element for magnetic transitions, eq. (7.63), we note,
as before, that the transition operator is diagonal in the wave functions for projectile and
target and use the relation between the reduced matrix element and 95 (E.14) symbols,
obtaining for (7.62):
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1 17 ! /

M, M M M;,Mp,M M, M
< Xs”p ><S/}t N f|QMM(R)|(bJ1 Spgt t > XSLPXS; >r1A

4
- = Z Z WLZYMZ ) (LiﬂivSpMpUimz’) (Jamg, SeMy|J; M;)

S jfo z“zhmz
1]15’ S

o7 (R)

2 R Oé e 73
BN om (.M, Lyl T M) /R2 i )RL L TR

L+1
Ji (—=1)SeH L3 W (i gy SiL)/L2L + 1)

R

1" /

M M "y o, ~ AN AN
< Xa? G Zenpa< (LySy)igll [ Yorea(R) - L] I(ES))) >, (F7)

where the 95 symbol was written in terms of the Racah W-function, eq. (E.15). Applying
the same relations to the reduced matrix element of (F.7) one obtains:

" ’ ’

M, M, M;, My, M; M, M,
<><S~ X W, QMY (R )I@J,s,,,st > Xg'Xg' >ria
= Z Z e'ri Y (k (LiﬂiaspMpUimi) (gimi, SeMy|J; M;)
]foL’L'u’Z]’LmZ
Li’-ji
J " (R)
2un 2 @Z)aj;(R) L—l(ba/' @
™ (JiM;, L :
T O (M, Ll Iy )/R R L
Ji i gy (0SS W (g s SiL) W(Liji Ly jg; Syl)
< Lyl [Yir(R) - La |1 >g (F8)

where S;(t) were set to Sy respectively, since the central term of the transition operator
does not allow spin excitation.

The reduce matrix element in (F.8) can be calculated using the Wigner-Eckart
theorem (E.12):

< Lyll [Yuua(R) - Le) IIL; >
< Lyl [Y%lL—l(R) ' LR} Ly > Ly

(Lipti, Lq| Lypig)
L; . ',
- dQr YY1, LY
(Lz’NmLQ|Lfo)/ oLy DIl R
~ (Lip,, Lq|Lypy) RSLy TLIL-17 %) :
(Lip LalLypiy
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and using the definition of the spherical harmonics one obtains for (F.8):

< Lyl [YLlL,l(R) : LR} 1Z; >

Li/L(L;+1)

(Lipi, Lq| Lypiy)
> (1)L = 1q — p 1pl L) (Lypt; + 1, 1 — il Ligey) /dQR Yy

I
Li/L(L;+1)
(Lip;, Lg|Lypy)

> (1)L = 1q — p 1pl L) (Lypt; + 1,1 — plLigy) < Lpprg|L = 1q — p| Lipsg + o>
I

Li(k—1)/L(L, + 1 ,

e Z(l 7 ) Z( v + ) (LfO,L_ 10|L10)

(Lipi, La| Lypg)vAm

> (=1L = 1q — Ll L) (Lypsi + 1,1 — pl L) (Lipsi + 2, L — 1q — po| Lppa)

I

(2L, + 1)(k = 1)kr/LI(L; + 1)

- T (L0, L — 10| L;0) W(L;1LsL — 1; L;L) (F.10)
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